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1 Introduction 

1.1 Background and Results 

Suppose (S, j) is a nonsingular Riemann surface of genus g > 2 and {V, J,uj) is a Kahler manifold 
of complex dimension n. If X£H2{V;Z), denote by Ws.aC^) the set of simple (J, j)-holomorphic 
maps u from T, to V such that u^:[T,] = A. Let /x = (/xi, . . . , ^jy) be an A^-tuple of proper oriented 
submanifolds of V such that 

l=N 

codim M = ^ codim m = 2((ci(y, J), A) - n{g - 1) + A^). (1.1) 

1=1 

For many Kahler manifolds {V, J,uj) and choice of constraints //, the cardinality of the set 

Ws,a(/u) = ,yN;u): uen^,x{V); yie^, u(yO G W V/ = 1, . . . ,iV} (1.2) 

is finite and depends only on the homology classes of ^i, . . . ,/UAr. The cardinality |'Hs,a(/^)| of the 
set is then an enumerative invariant of the complex manifold (y,J). Such numbers for 

algebraic manifolds {V,J), e.g. the complex projective spaces P", have been of great interest in 
algebraic geometry for a long time. 

If {V,uj, J) is a semipositive symplectic manifold, the symplectic invariant of {V,uj), 

R.Tg,A(;/^) = R.Tg,A(;Mi> • • • ,^J'N) 



of |RT], is a well-defined integer. Due to the two composition laws of jRH |, this symplectic invari- 
ant is often more readily computable than the enumerative invariant \'Hy;^x{p)\. In fact, all such 
symplectic invariants of P" are easily computable. It is also shown in plT| that the appropriately 
defined genus-zero invariants of P" agree with the corresponding symplectic invariants. On the 
other hand, even for P^ and for genus one, the two invariants are no longer equal. In ^, the 
difference 

RTi,a(/Wi; Ai2, • • • ,iJ'n) - |We,a(/^)| 

is commuted for genus-one surfaces S and all projective spaces using an obstruction-bundle ap- 
proach, first introduced by in a very different setting. In [ ^2| , the difference 

RT2,a(;/u)-|We,a(^)| 
is commuted for genus-two surfaces S for P^ and P'^ using a similar approach. 

The main results of this paper are detailed descriptions of gluing pseudoholomorphic maps in sym- 
plectic geometry. Theorem 3.29| concerns the adoption of the obstruction-bundle idea of Q into 
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the symplectic setting. Theorem p. 33 describes the local structure of moduli spaces of holomorphic 



rational maps under certain regularity conditions. In addition to providing the necessary analytic 
justification for the computations in M and [Z2|, the two theorems lay foundations for compar- 



ing enumerative and symplectic invariants in many Kahler manifolds, in particular, the complex 
homogeneous manifolds. Furthermore, in |Z2], the second theorem is used to enumerate cuspidal 



rational curves in and two-component tacnodal rational curves in P^. The same arguments can 
be used to count curves with higher-order degeneracies. 

The author is grateful to T. Mrowka for pointing out the paper [|], encouraging the author to 
work out all of the analytic issues arising in |^ , and sharing some of his expertise in applications 
of global analysis over countless hours of conversations. The author also thanks G. Tian for first 



introducing him to Gromov's symplectic invariants and helping him understand |LT]. 



1.2 Summary 

Let A^'^7r^T*T, TTyTV — > T,xV denote the bundle of (J, j)-antilinear homomorphisms from 



7r|;T*S to TT^TV. If 



G r(S X V;A'^'^TT^T*T.0-KvTV), 



denote by j^s^u,x the set of all smooth maps u from S to P" such that = A and du\z = i^\(z,u{z)) 
for all zG S. If /i is an A^-tuple of constraints as above, put 

-A^s,i/,A(/^) = {(S;?/!,... ,yN]u): u£Mt;,u,x] Vi^^^ u{yi)£fii Vi = 1,... ,N}. 

If (V,uj,J) is semipositive, for generic choices of and fi, J^s,u,x is a smooth finite-dimensional 
oriented manifold, and M.j:,u,x{fJ') 

is ci zGro-diniGiisional finitG subinanifold. of ^ _A X S^, whose 



cardinality (with sign) depends only the homology classes of Ai, . . . ,\n', see |RT]. The symplectic 
invariant RTg^A(; /^) is the signed cardinality of the set Mj:,u,xifJ')- 

If ||fi||c;o — > and {T,;y.;ui) £ M.j]^u^^x{fj,), then a subsequence of {(T,; y ., Ui)}°^i must converge 
in the Gromov topology to one of the following: 

(1) an element of TCs^xifJ-)', 

(2) (Et; y; u), where St is a bubble tree of /S^'s attached to S with marked points yi, ■ ■ ■ , yN, and 
u : Et — > y is a holomorphic map such that u{yi) G /ij for i = 1, . . . , A^, and 

(2a) u\TiT is simple and the tree contains at least one 5"^; 
(2b) u\T,T is multi-covered; 

(2c) u\T,T is constant and the tree contains at least one S"^. 

This convergence statement says that for all t sufficiently small all the elements of ■M.T.,tu,x{t^) lie 
near one of the spaces described by (l)-(2c). In many practical applications, it is easy to show that 
there is a bijection between the elements of 'Hi;^a(m) and the nearby elements of ■M^,tu,x{tJ')] see 
Proposition 3.3[1| . This is the case for all projective spaces, provided A is a sufficiently high multiple 



of the line (depending on the genus g). In [|[ and |Z2[ , Cases (2a) and (2b) do not occur, but 
they may have to be considered when dealing with higher-dimensional projective spaces or higher 
genera. Thus, the convergence statement implies that if the signed cardinality of A^s,t!^,A(/^) is 
I\Tg^x{; fj,) for all t > sufficiently small, the number of elements of MT:,tu,xifJ-) that lie near the 
spaces described by (2) is exactly RT2,a(; A*) — |'^s,a(m)|- The goal of this paper is to describe 
this difference in terms of the spaces of holomorphic maps themselves, which can be viewed as an 
enumerative object, rather than a symplectic one. We do need to assume that certain spaces of 
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holomorphic maps are smooth, but they do not need to have the expected dimension. 



While there is a very good understanding of what constitutes a stable map, there is little in a way 
of commonly accepted notation for stable maps and various spaces of stable maps. In Section ^, 
we recall the definition of bubble or stable maps as well as set up analytically convenient notation. 
Our notation for bubble maps evolved from that of D. McDuff's lectures at Harvard. We also 
define various spaces of bubble maps and restate the definition of the Gromov topology on the set 
of all bubble maps in our notation. 

In Section ^ we describe a gluing construction and an obstruction bundle setup. One difficulty 
in the gluing procedure is that a certain operator has eigenvalues that tend to zero as the gluing 
parameter tends to zero, but then disappear as the gluing parameter hits zero. This is not really 
dealt with in ||] , but there are now several standard approaches to this problem. We use the modi- 
fied Sobolev norms of |LT|, redefined in the notation of Section |2|. The main goal of Section |3| is to 



describe a correspondence between the elements of M-•s,tu,x{^J') lying near the maps of type (2) and 
the zero set of a map between two bundles; see Theorem p.29| . The domain and target bundles will 
be the bundle of gluing parameters and the obstruction bundle, respectively. We also give a local 
analytic description of spaces of stable rational maps into V under certain assumptions. If 1/ = P", 



these spaces are very familiar in algebraic geometry, but the description of Theorem |3.33| is used 



for a transition from the analysis of the gluing problem to the topology of moduli spaces of stable 



rational maps in [Z2|. 



Section ^ contains proofs of continuity, injectivity, and surjectivity of the gluing maps. These are 
usually omitted in the literature, but in the given case one has to choose the obstruction bundle 
setup carefully to ensure that these properties of the gluing map actually hold. In particular, 
Section 1^ contains what |LT| may mean by "asymptotic analysis near the nodes," which they omit. 



The Appendix deals with even more technical details of the analysis. 
1.3 Fundamental Notation 

In this subsection, we collect the most frequently used combinatorial and analytic notation. 

Definition 1.1 A finite partially ordered set I is a linearly ordered set if for all ii,i2,h€l such 
that ii,i2<h, either ii<i2 or i2<ii. 

A linearly ordered set I is a rooted tree if I has a unique minimal element, i. e. there exists € / 
such that 0<h for all hGl. 

If I and I' are linearly ordered sets, a bijection (p : I — > /' is an isomorphism of linearly ordered sets 
if for all h,i^I, i<h if and only if <j){i) < 4>{h) . 

Let I be a linearly ordered set. We denote the subset of the non-minimal elements of I by /, i.e. 

/ = {h£l : i < h for some i£l} . 
For every h£l, the set {i£l: i < h} has a unique maximal element l^, i.e. 

Lh < h and i < it for all i£l s.t. i < h. 



For reasons made clear in Subsection 2.1, t : / — > / will be called the attaching map of /. It is 

clear from Definition that / has a unique splitting I = \_\ 1^ such that 1^ C / is a rooted tree. 

k&K 
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The attaching map of / restricts to the attaching map of each Ik, which will still be denoted by l. 



Let / be a rooted tree. We denote the unique minimal element of J by 6/, or simply by 6 if there 
is no ambiguity. If /*, /*, and /* are rooted trees, we will write /*, /*, and /* for /*, and /*, 
respectively; here * denotes any string of symbols. If z G /, let 

Dil = {hel: h> i}, Dil = DilU{i}. 

Every rooted tree / has a number of subsets that are rooted trees; the subsets Dil are one example. 
If i7 is a subset of /, the set 

= {iel: i;^hyheH} 
is also a rooted tree. If z G /, denote 7^'}) by 7^*^ . If 77 is a subset of 7, let 

= {ieI:i^hyheH}, I{H) = HU{6i}. 

lihei, denote 7^'^> by 7'^. 

If Ml and M2 are two sets, let Mi + M2 be the disjoint union of Mi and M2. Finally, if AT is a 
nonnegative integer, let [N] = {1, . . . , N}. 

We now introduce some analytic notation. Let /3 : M — > [0, 1] be a smooth function such that 

= !f!>2 ''"''^ /3'(i)>0 iftG(l,2). (L3) 

If r > 0, let gC°°(M;M) be given by Pr{t) = f3{r-h). Note that 

supp(/3,) = [ri,2ri], ||/3;||co < C^r'^ and mico < Cpr-\ (1.4) 
Throughout the paper, (3 and Pr will refer to these smooth bump functions. 

Let qn, Qs '■ C — > S'^ C be the stereographic projections mapping the origin in C to the north 
and south poles, respectively. Explicitly, 

We denote the south pole of S"^, i.e. the point (0, 0, — 1) gM^, by 00. Let 



= (0, 0, 1) = dqs ^ (^^ J G T^S', (1.6) 

where we write z = s + it E C We identify C with S"^ — {00} via the map qn- If x, zeS^ — {00}, 
define (pxZ&C by 

(t^xZ = z - X = q]^^{z) - q];f^{x). (1.7) 

Note that the map (f)x '■ S'^ — {oo} — ^ C is biholomorphic. If is a Riemannian metric on a Riemann 
surface (S,i) of positive genus, x G S and v G T^T,, we write exp^ ^.^; G S for the exponential 
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of V defined with respect to the Levi-Civita connection of g. Let inj^x denote the corresponding 
injectivity radius at x and dg the distance function. If zG S are such that dg{x, z) < inj^x, define 
(pg,xZGT^T, by 

expg 3. (/)g,j,2; = z, \(pg^^z\g^x < ^i^jgX. (1.8) 
Note that if g is flat on a neighborhood [/ of x in S, then (pg^xlU is liolomorphic. 



Let gv be the Kahler metric of (y,J,uj). Denote the corresponding Levi-Civita connection, expo- 
nential map, and distance function by V^, expy and dy, respectively. For every X€H2{V;7j), let 



|A| = {uj,X). The number |A| is the (^y-energy of any element of Hj^^y, see [MS]. By rescaling uj, it 
can be assumed that |A| > 1, whenever A 7^ and 7ig2 ^ ^. If 5 is any Kahler metric on {V, J), 
denote the corresponding Levi-Civita connection, exponential map, distance function, injectivity 
radius, and the parallel transport along the geodesic for XgTV by V^, exp^, dg, inj^, and Ilg,x, 
respectively. If q^V and JgM, let Bg{q,6) = {q'gV: dg{q,q') < 5}. In our construction, we allow 
g vary in a smooth family. Without causing any additional difficulty in the gluing construction, 



consideration of such families simplifies computations in specific cases such as in [Z2|. If (S, j) is a 
smooth Riemann surface and u £ C°°(5'; V), put 

r(n) = r(S; u*TV), r^{u) = r{S; T*S u*TV); 
T^'\u) = T{S;A^'^T*S ® u*TV), du = ^{du + J o du o j) e T^'^u). 

We denote by Dy and Dg the linearization of 9-operator with respect to the metrics gv and g on V, 
respectively. Since both metrics are Kahler, Dy and Dg commute with J and have no zeroth-order 
term; see 



It should be mentioned that it is not essential for the main gluing construction described in this 
paper that (V, J, g) is Kahler or even symplectic. If (V, J, g) is not Kahler, we would need to choose 
an orientation on certain spaces of holomorphic maps and take the induced orientation on the 
cokernel bundle; see Subsection p.2| . Dropping the Kahler assumption would have almost no effect 
on the analysis, but would slightly complicate the notation. 



2 Spaces of Bubble Maps 
2.1 Bubble Trees 

Let S be either the Riemann sphere 5^ or a smooth Riemann surface S of genus at least 2. Allowing 
the genus-one case would lead to somewhat more complicated notation, but would have no effect 
on the analysis done in Section ^ Denote by S* the open subset S — {00} if 5 = 5^ and 5 itself 
if 5 = S. 



Definition 2.1 A bubble tree based on S is a tuple T = (S*, /;x), where 

(1) I is a rooted tree and x : I — > S U S"^ is a map; 

(2) Xfi^S* if Lh = and Xh^ S'^ — {00} otherwise; 

(3) if hi / /i2 and l^^ = ih^, Xh^ / Xh^- 
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Given a bubble tree T as above, let Ej be the complex curve 

^T = {mxs)u[_\({h}xs'))/r^, 

hei 

where (/i, oo) ~ (ih,Xh) for h£ I. The subset g = {0} x 5 of will be called the principal 

component of T or Sy- If /i G/, let St,/i = {h} x S^. For every i G /, St,^ will be called the ith 
bubble component of T or T,j or simply a bubble component. Let ^ and denote the open 
subsets of smooth points of St,^ and Sy, respectively, i.e. 

5.* ^ fST.i - {(i,oo)} - {(i,Xft) : i,, = i}, ifiG/; s* = I I S* 

\5-{(0,x/,) :i;, = 0}, ifi = 0; ^ 

The complement of ^ in St are the singular points of T,j. 

For every iG/, let = (S',/W;x|/W). Similarly, for each he I, let T'^ = {S, l'^; x\P) . These tu- 
ples are again bubble trees based on S. The complex curve is obtained from Sy by dropping 
all bubble components descendent from the ith bubble component. The curve S-p^ is obtained by 
dropping the /ith bubble component along with all bubble components descendent from it. 



If S = S and h€l, we denote the map (px^ defined in (L7) by 4'T,h- If •zGSt,^, put 

/^ ]\4>T,hz\^ if i = t/i and z / 00; 
ry h[z) = < (2.1) 
I 100, otherwise. 

If 5 > 0, let Bj^hiS) = {zGSt: rT,h(z) < 6}. Put 

rr = min ( \qs^ixh)\ ,mm{rT,hiH,xi) : I ^ h}) . (2.2) 

If 5* = ^ and /iG/ is such that G/, we again let 4'T,h denote the function (l)x^ of ( p^ ) and define 
rT,fe and i?T,h('^) as above. If g( is a Riemannian metric on S, t/i = 0, and zGSt,^, put 

, . \dg{xh,z), if z = 6; 

''T,g,/i(-Z) = S (2-3) 

I 100, otherwise. 
We denote by 4'T,g,h the function (pg^x^ of (|1-8D and by B-j^g^hi^) the ball Bg{xh,6). Put 

rT5 = min ( mm{rT,g,h{H, xi) : / / /i},min (\qs^{xh)\ , min{rT,h(i/, x;) : / / /i}) ). (2.4) 

We say (7 is a T- admissible Riemannian metric on S if there exists 5 > such that for all h£ I 
with Lh = the metric 5 is flat on Bj^g^h{5). 

2.2 The Basic Gluing Construction 

In this subsection, we describe a gluing construction on T which is the basis of all the other gluing 
constructions in this paper. Lemma |2.2| plays a very important role in the next section and in the 
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explicit computations of [Z2|. 

Let T = (5, /; x) be a bubble tree. If /i S /, put 



Ft% = r F?=®Fi%- (2-5) 



If 5 = ^2, for any (5 > 0, put 



h£l 



Let 5t £ (0, 1) be such that 85^ < ry- If 5 = S and g is an admissible metric on E, put 

where = Let Sjg G (0,1) be such that 8{6Tg)^ < rjg and the metric g is flat on 

Bg(^Xh,4:{6jg)2^ for all hGl with Lh = ^- We now construct a family of bubble trees parameterized 
by with (5 = 5t if S = S2 and by F-f"), ,; with d = 6Tg if 5 = S. 

First, for every h^I and f/iGFy'^jj with 

|t;fe|G(0,(5) ifxftGS'2 and |vh|gG(0,(5) ifx/^GS, 
we define local stretching maps 

Qh,{xh,vh,) ■ ^T('h) — ^ 5]y{h) ifxh&S'^ and • ^T('h) — ^ ^T(ft) if^;^^^ 

as follows. If Xh G S^, let Ph,{xh,Vh) '■ Bj^hi^^) — > C U oo be given by 



PM-.,..)(^) = (1-/3k|(2|<At,.^|)) (^)- (2-6) 
Define qh,(x^,v,,) ■ — > by 

= < (^/i^^T^h (/?bh|(l'/'T,h^|)(<AT,/i2))) , if 1 < \vh\~^ rj ,hiz) < 2; (2.7) 
^r, otherwise. 

Note that qh,{xh,Vh) i^ smooth and is a diffeomorphism, except on the circle rT,/i(-z) = ^ in Sy,!^. 
The map qh,{xh,Vh) stretches i?T,/i(b/i|^) around the sphere ^T,h- If XhGT,, similarly to the above, 
let Pg,h,{xh,vh) ■ BT,g,hi6^) — > C U cxD be given by 



PgA(^.,v,)iz) = (l-/3i,,|,(2|0T,,,.z|,)) (^^)- (2.8) 
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Note that the ratio Vh/4>T,g,hZ is well-defined as an extended complex number, since T-^^S is one- 
dimensional and Vh / 0. Define qg^h,{xh,vh) ■ ^T'' — ' ^tW by 



{^h, (Pgj,h {(^\vH\M^,9M\9)i'pT,g,hz))) ' ^ < \vh\g^ rT,g,hiz) < 2] (2-9) 
^ z, otherwise. 



Similarly to the case G S"^, qg^h,{xh,vh) '^^ smooth and is a diffeomorphism, except on the circle 
r^,g,h{^) = \vh\g in 

If S = S'^, for every hE I and v G Fy\, we now define a bubble tree ~Th{v) and a smooth map 
Qy^h '■ ^Th{v) — ^tC')- Choose an ordering of / consistent with its partial ordering. If ^ = 0, we 
take Ih{v) = {6}, Th{v) = {S,Ih{v);), and qv,h = Ids- Suppose hj^O and 

~^h-i{v) = {s,ih-i{vy,xh{v)) 

with Ih-i{v) C /. If Vh = 0, put 



Ih{v) = Ih-i{y) U {h}, {ih,i{v),Xh,i{v)) 



{i.h-i,i{v),Xh-i,i{v)), if 
Qv}S^h,Xh), otherwise. 



Let qv,h\^Th-i{v) = Qv,h-i and q^^hih, z) = {h,z). U Vh / 0, let 

Ih{y) =Ih-i{y), {i^h,l{'"),Xh,i{v)) = {Lh-l,l{v),Xh-l,l{v)). 

Take q^^h = qh,{xh,Vh) ° 1v,h-i- Inductively this procedure defines a bubble tree T{v) = Tfi*{v) 
based on S and a smooth map q^ = qv,h* '■ ^T{v) — ^ ^Tj which is a diffeomorphism outside of 
I J — /(f) I disjoint circles, where h* is the largest element of /. The resulting bubble tree and map 
are independent of the choice of the extension of the partial ordering. While the domains of the 
maps qy^h do depend on such a choice, whenever we make use of the maps q^^h below, the result 
will also be independent of the choice. If 5 = S, for every we define bubble 

tree Tg^hi'^) and maps qg,v,h- ^Tg^niv) — ^ ^tW similarly to the above, but replacing qh,{xh,vh) by 
Qg,h,{xh,vh) whenever ih = 0. We let Tg{v) = Tg^h*{y) and qg,v = qg,v,h* ■ As before, qg^y is smooth 
and a diffeomorphism outside of |/ — I{v)\ disjoint circles. 

If 5 = 52 and Vh^Q, put 

/ 1 1 1 \ (2.10) 

Note that A^^^ C 'ET{y),ii{v), where 

ifiiv) = min{iG/: i < h and Vh' ^ Hi < h' < h} = max{zG/(i') : i < h}. 



9 



If 5 = S and Vh^O, we similarly define 



9 J h 



/ 1 i i \ 



(2.11) 



where \vfi\g and r^^g^h denote \vh\ and rj^^ if i^h^I- 

Lemma 2.2 If S = S"^ , the map is holomorphic outside of the annuli A^/^ with Vh ^ 0- 
For such h, 

\\dqh,{xh,Vh)\\co{q^^,^{A^^^)) < C; 
d(qvoq7^}]\ = —2\vh\~'^ ( , I dqs\ o d6\ , , i o d(t>T h\ Gg„ t. (A7t), 



where the norm is computed with respect to the standard metric on S"^ , and P is a viewed as a 
function on C via the standard norm on C If S = T,, the map qg^y is holomorphic outside of the 

g,v,h 



annuli , with Vh^O. For such h, 



\\dqgM^H,VH)\\c<^(q,,^,,^{Af^^J)^Cg if ih - 1 1 1 1 f;0 (,^_^_^ JA±^ , )) ^ ^ if ^ 0', 

diqn V ° qnl, ,,^)\ = — 2|t'/,p2 I - — - — I (if/sl o dpi , , 1 o d(hj h\ VzE Qo u (AT^)i 

\Hg,v Hg,v,iHl\z I '^1 \(j)jhZ J ^''IPh.C^h.^h)^ ^h\v^\-^4>T^,,z ^ ' I z 'ig,y,'-h\ v,hJ^ 

where we regard (3 as a function on Tx,Ti via the metric g and denote 4'g,T,h by 0t,/i if i'h = ^- 

Proof: The first statement in each of the two cases is immediate from the construction. The 
estimates on the differential of qh,{xh,Vh) ^^'^ Qg,h,{xh,Vh) follow from ( |1.4| ). Suppose S = S, ih = 0, 
Vhi^O and z £ A~^ f^. Since qg^y = qg,h,ixh,Vh) '^g,v,h Is is anti-holomorphic, from (|2^) 
and ( |2.9D we obtain 



1 



-2\vh\ci^{—^ — ] dqs\ odd] 1 



^T,g,h\ 



The other cases are proved similarly, since qg^y o qg^y^^^ = qh,{xh,vh) Ig^^^^i-hi^g v h) ^ similar 
statement holds in the case S = S'^. 

2.3 Curves with Marked Points 

Definition 2.3 If M is a finite set, a curve with M -marked points based on S is a tuple 

C = {S, M, I; X, {j, y)) , where 

(1) Tc = (5, /; x) is a bubble tree based on S, and j : M — > / and y : M — > S U S"^ are maps; 

(2) jiel, [juyi) G and yi ^ <x for all I e M; 

(3) for any h^h^M with h / h and ji^ = ji^, yi^ ^yi^- 

The curve C is stable if \{h: ih = i} \ + \{l '■ ji = i}\ > 2 for all i^I if S = Ti and all i^I if S = S'^. 
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Via the construction in Subsection 2.1, such a tuple C corresponds to a complex curve Sc = ^Tc 
with marked points {{ji,yi)}ieM ■ For each iGl, we denote by Sc^j and ^ the surfaces Sj^ j and 
Sy^ j, respectively. 

With notation as above, for every h £ I, let F^^^ and denote the spaces -?^/[°-|-^ and -^-j-'^'*, 
respectively. If S = S'^, put 



min (rTc,min ( ,mm{rTc,hUl^yi) '■ ^S/}, min{|0j^/?//,| : /i / = ji})) ■ (2.12) 



Let (5c G (0,1) be such that 16{\I\ + \M\)6^ < rc- lfv = {C,Vj) with Vf^F^ and < 5c, we now 
construct a curve C(f) with M-marked points as follows. Let 

J(y) = {S,I{v);x{v)) and q^: I;t(„) — > Sc 

be the bubble tree and the smooth map defined in Subsection Then we take 

C{v) = {S,M,I{vy,x{v),{j{v),y{v))), 

where (j«(i;), 2/^(1;)) G St(„)j,(„) is defined by 

qv{ji{v),yi{v)) = {ji,yi). 

Similarly, if S' = S and g is an admissible Riemannian metric on S, put 



rcg = min (rTc^, min ( min{rTc,g,h(j/, y;)}; ^Ml'/'g.^^y/ils • ^ 7^ ^^jh = 6}), 



(2.13) 



Let 5c5'G(0, 1) be such that 16(|/| + |M|)((5c5') ^ <rc5 and 5 is flat in 8((5cc/)^) for all /iG/ 

with i/i = 6. If v^F^^ and < 5^(7, we construct a curve Cg{v) with M-marked points in the 
same way as above, but replacing g„ and T(f) by qg,y and Tg(f). 

Definition 2.4 isomorphism of curves with M-marked points C = [S, M, I; x, (j, y)) and 

C = (5, Af, /'; x', {j' ,y')) , is a tuple of maps, 

(f)o : I — > I' , : S — > S, 4>i^h '■ S'^ — > 5^ for h€l, where 

(1) (f)o is an isomorphism of the linearly ordered sets I and I' and 0o(ii) = j'l for all IgM; 

(2) (jji^i is a biholomorphic map for all i£l and (j)-^ q is the identity map if S = T,; 

(3) (/)i^j(oo) = 00 for all i^I if S = S"^ and for all i£l if S = S; 

(4) 4>i,ih(.^h) = x'^ai^h^ forhGl and 0i,j,(y/) = y'l for allleM. 

Such a set of maps corresponds to a continuous map Sc — > S^/ that maps the Zth marked point 
UhVi) to the lih. marked point {j'i-,y'i) on Sc and is biholomorphic on each component 

of Sc. Note that if C is stable, C has no nontrivial automorphisms. Let [C] denote the equivalence 
class of C in the set of all curves based on S with marked points. Denote by Ms,M the set of all 
equivalence classes of stable curves based on S with M-marked points. If = 5^, M.s,M can be 
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identified with the moduh space A^o.|A/|+i of stable rational curves with \M\ + 1 marked points, 
or more canonically with the space m+{6} stable rational curves with the marked points 

labeled by the set M + {0}. If 5 = S has genus bigger than two and is generic, Ms,M is the closed 
subset of Mg^M consisting of all stable curves of genus g with M-marked points that have a fixed 
complex structure on the principal component. If S has genus two, M.s,M is a double cover of the 
corresponding set for g = 2, since any smooth genus-two curve has a holomorphic automorphism 
of order two; see [|GH| , p254]. The reason we require 4'iq = IcIy; is that the symplectic invariant 
of |RT] disregards the automorphisms of S. 



2.4 Bubble Maps 

Definition 2.5 A V -valued bubble map is a tuple b = [S, M, I;x, (j,y),u) , where 

(1) I is a linearly ordered set, which is a rooted tree if S = Yi and u: I — > C°°{S;V) U C°°{S'^;V) 
is a map; 

(2) if I = \_\ Ik is the splitting of I into rooted trees, then M= \_\ for some subsets of M 

k&K keK 

such that Ck= [S, M^, Ik', x\Ik, {j,y)\Mk) is an M^-marked curve based on S; 

(3) Uh- S — > V if h^I — I and Uh : — > V if h^I is a smooth map such that Uh{(X)) = u^f^ {xh) 
for all h G /; 

(4) for alliei ifS = S andiel if S = S'^ , 

\{h£i: ih = i}\ + |{/gM: ji = i}| < 2 ^ u,,[S^] G H^iV;!.). 
The bubble map b is simple if I is a rooted tree; b is holomorphic if dui = for all i£l. 



With notation as in Definition 2.5, every bubble map b corresponds to a continuous map 



Mfc : Sfc = y Scfc — > V, 

keK 



which is smooth on the components of ^c^- h£lk, let Ff^^ = FhCk' Similarly, let 



;^(0) _ p(0) 
h,b ~ ^hfik 



k<^K keK 

whenever iGl^Cl. If 6 is simple, denote by the bubble tree Tc for the unique element k£K. 



Definition 2.6 An isomorphism of V -valued bubble maps b = (^S, M, I;x, [j,y),u^ and 
b' = (S", M, I'; x', y'), u') is a tuple of maps 

(f>o- I — ^ l' , (t>i,i- S — >S foriGl—I, S'^ — > S"^ foriGl, where 

(1) (po is an isomorphism of the linearly ordered sets I and I' with (t>Q{ii)=ji for all l€zM; 

(2) is a biholomorphic map for all i£l and is the identity map if S = and i^I; 

(3) (/)i^j(oo) = cxD for all i(zl if S = S'^ and for all i^I if S = S; 
U) <l)i,ih{xh) = x'^oi^h) all he i and 4>i,j,{yi) = y[ for all leM; 

'^Mi) ° "^^'^ ^ ^"'^ alliel. 
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Such a set of maps corresponds to a continuous map Sf, — > S;,' that maps the marked points 
of b to the marked points of b' , intertwines the maps Uf, : Sf, — > V and Ub' : Sf,' — > V, and is 
biholomorphic on each component of $];,. Let Gb denote the group of automorphisms of the 
bubble map b. This group is necessarily finite by the stability condition (4) of Definition 2.5. If 
\eH2{V;Z), let 

C'(A;M)('S'; ^) = {b={S,M,I;x,{j,y),u) is F-valued bubble map: '^Ui^T^b^ = ^}/ ~; 

Ci^;M)(S; V) = {b= {S, {0}; , (0, y), Uq) is l^-valued bubble map: u^JS] = X}/ ~, 

where the equivalence relation is given by isomorphisms of y- valued bubble maps. If // = ^^ is an 
M-tuple of submanifolds of V, let 

C'(A;M)(^; f^) = {b=[S, M, I; X, {j, y),u]e C^.,,^{S; V) : u^, (y,) e w V/ e M n M}, 
C{A;A^)('5; f^) = {b=[S, M, {6}; , (6, y), Uq] G C^.M)iS; V) : u^{yi) e fii ^1 e M D lid} . 

A topology on C^.j^j^{S;V) and its subsets C^.^j^{S;V), C^.j^.j^{S; fi), C^.^j^{S;n) is defined 
below. 

Definition 2.7 Let b* = [S, M, I*; x* , {j* ,y*),u*) and bk = {S, M, Ik;xk, {jk,yk),Uk) be simple 
bubble maps. If S = S'^ , the sequence {bk} converges to b* if for all k sufficiently large one can choose 

(a) M-marked curves Ck = {S, M, I*; x'^, {j*,y*)), and 

(b) vectors {vk)j, S F^^J with lQ\vk\ < r"^^, 
such that with Vk = [Ck, (wfc)/.); 

(1) lim x'^^j^ = x*^ for all h^I , and lim = 0/ 

k >oo ' k >oo 

2) C{vk) = {s,M,ik;xk, {jk,y{'L>k))), 

lim qvkijk,uyk^) = ,yl) yi^M, and lim sup dv{ub*{qv^^{z)),Ub^^{^)) = 0. 

If S = 12, convergence is defined in the same way, but \vk\ and C{vk) are replaced by \vk\g and 
C-g{vk), respectively, for a Tb* -admissible metric g on S. 

This notion of convergence is independent of the choice of an admissible metric on S. Definition p?7| 
induces a topology on the space C^.^^{S; V), which will be referred to as the Gromov topology. 

2.5 Stratums of Bubble Maps 

In this subsection, we introduce the notion of a bubble type. We then define various spaces of 
holomorphic bubble maps indexed by bubble types and vector bundles over them. 

Definition 2.8 A bubble type is a tuple T = (^S, M, I; j, Xj , such that 

(1) I is a linearly ordered set, and j: M — >I and A: / — >Il2{S;7j) are maps; 

(2) for all iei if S = T. and alliGl if S = S'^ , A, / if\{h: lh = i}\ + \{l:ji = i}\ < 2. 
Bubble type T is simple if I is a rooted tree; T is basic if I = f/i. 

Two bubble types T = [S, M, I; j, X) and T = (^S, M, I'; j' , X') are equivalent if there exists an 
isomorphism of linearly ordered sets (pQ : I — > /' such that (j)o{ji) = ][ for all IgM and A^^^^-j = Xi 
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for all i€l. 

If r* = (5, M, /* ; j*, X*) and T = {S, M, I; Jm , A) are two bubble types, T* <T if I Cl* , 
jl = max{i£ I : i < ji} foralllGM and Aj = A^. 

i=max{j'</i:i'G/} 

If T = [S, M, I; j, is a bubble type, a T -bubble map is a bubble map b= [S, M, I; x, {j,y),u) such 
that Ui^[Lb,i] =Xi £ Il2(y; Z) for all i£l. 

The splitting of / into rooted trees 1^ induces a splitting of T into simple bubble types 

Tk = [S, Mk,Ik;jk, Afc) , 

where jk and A^ are the restrictions of j and A to and 1^, respectively. Similarly, each T-bubble 
map b corresponds to a iC-tuple of bubble maps bx = {bk)keK, where bk is a T^-bubble map. 

We denote the equivalence class of the bubble type T by [T] and the groups of automorphisms of T 
by Aut(T). The partial ordering on the set of bubble types induces a partial ordering on the set 
of their equivalence classes. If b and b' are T- and T'-bubble maps, respectively, such that [b] = [b'], 
then [T] = [T']. Furthermore, if {bk} is a sequence of T-bubble maps, b* is T*-bubble map, and 
[bk] converges to [b*] with respect to the Gromov topology, then [T*] < [T]. 

Let T= (S*, M, I; j, A) be a bubble type. We denote by (T) the basic bubble type such that (T) >T. 
It can be described explicitly as follows. Let / = [J be the splitting of / into rooted trees and 

keK 



M = \_\ Mk the corresponding splitting of M; see Definition 'Lb. It can be assumed that K = I—I 

k&K 

and k is the unique minimum element of Ik ■ For every k£K and / G Mk , let 



^'k = fl = k- 

ieik 



Then {T) = {S,M,K;j',X'). 



If T = (S", M, /; j, A) is a simple bubble type and i£ I, let DiT = Dil and DiT = Dil. If is a 
subset of /, let T{H) = {S, M,Hu6; f, A') , where 

jl = max{i eH LIO: i < ji} and A ■ = ^ Xh with i^ = max{i* eHUO :i* <i}. 

Then T{H) is again a bubble type. The bubble type T{H) is the bubble type obtained by 
gluing T-bubble maps with the parameter such that u/j = if and only if h £ H; see the 
next section. Finally, we will denote by (A; M) the equivalence class of the basic simple bubble 
type (52, M, {6}; 6, A). 

Given a bubble type T = (S", M, /; j. A), let diT) : I — >M be given by 

di{T) = \Xi\ + \{leM:ji = i}\ + Y,dh(.'T) ViG/. (2.14) 



'■h=i 
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Since / is a linearly ordered set, the numbers di{T) are uniquely defined by (2.14). If 

b= {S,MJ;x,{j,y),u) 

is a T-bubble map, b is T -balanced if for all i£l 
(Bl) /j, \dui o qj^l'^z + Yl dh{T)xh + E = 0; 

(B2) \du, o qN\^Pi\z\) + E dhiT)Pi\xh\) + E = h 

i-h=i jl=i 

The integrals above are computed with respect to the metric gy on V. Recall that we consider C 
to be a subset of S"^ via the map q^- Thus, Xh and yi can be viewed as complex numbers, as done 
above, li S = S'^ and b is as above, b is completely T -balanced (or cb) if (Bl) and (B2) hold for 
all i G /. 

Denote by TCj- the set of all holomorphic T-bubble maps. Let 



PSLf> = {gePSL2:g{oo) = 00}, gr = YlPSL 



The group Qt acts on Tij- as follows. If 

b= {S,M,I;x,{j,y),u) GHt and g = gj£gr, 
define gb = {S, M, /; gx, {j, gy), (gu)) by 

/ N ) 9i.hXh, if/'/iG/; , . ]9jiyi, i^ji^i; , . \gi-Ui, ifiei; 

i9x)h = < .f i9y)i = < -r-^f i9u)i = < ..... 

[x/j, iiih^l\ \yu ^iji^l; [ui, itt^l, 

where for any map /: S'^ — > V and g£PSL2, we define 

g.f:S^^V by {g.f}{z) = f{g-'z). 
Let A4^^ cHt denote the subset of T-balanced holomorphic maps. The group GrxAut(T), where 

hei 

acts on Ai^^ and all the stabilizers are finite. Denote the quotient by A4t, and let 



Mt = [J Mr'- 



T'<r 

If Aut(T) = {l}, corresponding to the quotient M.r = M.^^^ /Gr, we obtain |/| line (orbi)-bundles 

which carry natural norms: 

\[b,Ch]\ = \ch\ if be mP and Ch G C. 



15 



If Aut(T) 7^ {1}, the fiber products and connect sums of the above hne bundles taken over each orbit 
of Aut(r) are well-defined. Let — >mP be the bundle with the fiber F^J! at beM^, i.e. 

F^^T=\^'^ ' ' ' where 7rh(b) = Xh, 

with notation as above. The action of Gt on M.^^ lifts to an action on each bundle Pj^^^T by 



g ■ {b, Vh) 



{g-b,gh^Vh), ifi/i0/. 



Here and in the rest of the paper, we identify with the unit complex numbers in the usual way. 
Let -F/jT be the line orbi-bundle over Air given by 

F;,r = Ff r/(GrxAut(r)). 

This bundle has a natural norm unless t/i = and 8 = 11. In such a case, any metric ^ on E induces 
a norm on F^T. Let 

F^^'^T = ^f'^'^T, F^^'^T = F(^^T\b; FT = ^FhT, Ff-^h = F^''^T\[b]. 
hei hei 

Note that if T* < T, Gr is naturally a subgroup of Gr* and thus acts on A^^» and the line bun- 
dles F^^T*. Furthermore, there is a natural decomposition Gt* =Gq-xG for a certain group G. 
In particular, the Gr-action on and F^^^T induces an action of Gt*- 

liS = S^, let 

Bt = {b=(^S, M, I; X, (j, y), uj ^Ht '■ b is cb; (oo) = 7/12(00) ^11,12 G/— /}. 
Denote by cMt the quotient Hr/(Gr x Aut(T)). The group 

G^= Yl 

iei-i 

acts on and Mt as follows. If 

[b] = [{S^M,I;x,{j,y),u)] eMT and <7 = (ff^)^^^./ G G^-, 
define g[b] =[{S^, M, I; gx, {j, gy),gu)] by 

. ^ ixh, ififtel; (yi, iijiGl; , . jui, ifzG-f; 

[gx)h = < .„ ,f [gy)i = < ..-.f ig^)i = s .r..f 
ygih^h, ifih^J; ygjiVh ^iji^i; [gi-ui, iti^i. 

As in the previous paragraph, all the stabilizers are finite. Furthermore, this Gr*-action on Mt 
naturally lifts to an action on Ai^^ and along with the G-r-action on induces an action of 

Gr = G^ X Gr on mP as well as on by 



{g*,g) ■ {b,vh] 



{{g*,g) ■b,gthgh^vh), Hth&i; 
{{g*,g)-b,gtj^^vh), iith^I- 
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Note that Gr' = Gr whenever T' < T. Let 

Ur = uP/G*r, uf = J 4'^ = IJ 

T'<T r'<r 

With respect to the Gromov topology, the space is Hausdorff and compact if (y, J) is 



semipositive; see [RT]. Furthermore, G^- acts continuously on U^) as can be easily seen from 
Definition p.7| . If follows that IAt is also Hausdorff and compact if (V^, J) is semipositive in the 
quotient topology. Denote by {LjT — > Z//7- : z G I — /} the line orbi-bundles corresponding to the 

quotient Ur = l/p jGlj. Let 

.F/,r= (F;,TW|i3r)/Gr ^Z^r, .F;,,[b]T = .F/,T| [6]; ^T = 0.F;,T, T^v(T = TT\\h\. 

The line bundles J^/iT have natural norms, defined as in the previous paragraph. 

If T = {S, M, /; j, A) is a bubble type and b = (S*, M, /; x, {j, y),u) is a T-bubble map, for any I £ M 
let ev/ : TLt — > V be the map given by 

evi((S',M,I;x, {j,y),u)) = uj^iyi). 

This map descends to the quotients defined above and induces continuous maps on the spaces 

Mt, Ur\ an 
from M, put 



Mr, and Ur- If // = ^j^j- is an M-tuple of submanifolds in V, where M is possibly different 



Hrii^) = {benT-evi{b)efii V/eMnM}. 
Define spaces MPifi), MrifJ-), MrifJ-), etc. similarly. US = S^, we define another evaluation map, 

ev.Br — >V by ey{{S'^,M,r,x,{j,y),u)) = u^{oo), 
where is any minimal element of /. This map induces continuous maps on the spaces u!j^^ and Ut. 

3 The Gluing Construction and the Obstruction Bundle 
3.1 Summary and Notation 

We now present a gluing construction on the spaces AirifJ-) such that TCj- is a smooth manifold 
with the tangent bundle isomorphic to the kernel of the linearization of the 9-operator, as defined 



below. This is well-known to be the case if the linearization of the 0-operator is surjective; see |M£]. 
However, surjectivity of the linearization is not a necessary condition; see [ |Z^ for examples. In 
fact, there are two main cases of primarily interest to us. The first is when T= (S"^, M;jM, A) and 
the linearization of the 9-operator is indeed surjective. In this case, we give an analytic description 
of a neighborhood oIUt{^) in U(^x){f^) for a generic set of constraints fi. The second case is when 
T = (T,, M, I; j, X) and the cokernels of the linearization of the 9-operator form a vector bundle 
over TIt, which will the analogue of Taubes's obstruction bundle of in the gluing construction 
below. Using the same analysis as in the first case, we describe any sufficiently nice element of 
^(A* M)(^' ^y™S ^^^^ -^T(Ai), where A* = ^ Aj. The elements of A^E,ti^,A* ifJ-) lying near M-TifJ-) 
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will correspond to the zero set of a certain section of the obstruction bundle. 



For our gluing construction, we fix a smooth family {gv,b- b^Air} of Kahler metrics on (V, J). 
We assume that this family is (Gr x Aut(T))-invariant if 5 = S and x Aut(T))-invariant if 
5 = S'^. If 6 G -M-T, X,Y £ TqV, and u : {D,j) — > y is a smooth map from a one-dimensional 
complex manifold, let 

exp,,,,X = exp^^,^X, V'' = V^', Ub,xY = Ug^,xY, Db,u = Dg^^u] 



see Subsection |1.3| for more details. If 5 = S, we also choose a smooth family 

{9r,x- x = {x)f^f^.^^^Qy, Xh£T.; Xh^^Xh^ if/ii//i2} 

of Riemannian metrics on T, such that each metric gq-^x is flat on a neighborhood of Xh in T, for all 
h£l with Lh = 0- Existence of such a family of metrics is shown in [FO]. It can be assumed that 
all these metrics have the same volume as the standard metric on 5^, i.e. Air. If 

b= {^,M,I;x,{j,y),u)enT, 

let g'^Q denote the metric gT,{x)^,^ ^- If ^ £ -^j we write gb^i for the standard metric on S"^. 

Similarly, if 5 = 5^ , for all i G /, we write g^^i for the standard metric on S"^ . 

If b = [S, M, I; X, {j, y),u)enT, let 

r'(^) = 0r(ni); r(6) = r^) = {e/er'(6): e/.(oo)=e,,(xO v/ig/}; 

iei 

THb) = F^K) = 0Fi(n,); T^'\b) = T^'\u,) = 0FO'i(n,). 
Define Db:r{b) — >r°'i(6) by 

We denote the kernel of operator Dh on F(6) by F_(6). If ^ Gr(?Xj) or ^ GF^(?/j), let HCllb.c*: ^^'^ 
\\C\\b,2 denote the C'^- and L^-norms of ^ computed with respect to the metrics gv,b on V and g^^i 
on If e = e/er'(6) or eGri(6), put 

Let TTfo _ : F(6) — > F_(6) be the (L^, &)-orthogonal projection map. 

The space P^T of perturbations of bubble map b is the collection of tuples o" = Wj_^j^j), where 

If a is sufficiently small, we define expj, 0"= (S, M, /; x{a), (j, y{a)),Ua) by 

[xfe + tf/i, if Sfe^i,^ = S^; fy/ + w/, if Sbj, = 5"^; 
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and Uo-,j = exp{,„. ^j. If z G E, let \v\b = \v\g^^^^x- For consistency, iivEC, let \v\h = \v\. Along 
with the (L^, 6)-norm on the vector fields defined above, we obtain an inner-product on the space 
of tuples a as above. 

In order to get a good description of the spaces M.^-^ as submanifolds of Ht, we describe an action 
of an open subset of in (C M)^ on bubble maps and distinguished elements (t|^^^-| G T'bT that 

correspond to this action. If {c,r,6) = {c,r,9)j E (CxMxR)^ and 6 is a bubble map as above, 
we define 

(c, r,d)-b= {S, M, I; (c, r, e)x, (j, (c, r, e)y), (c, r, e)u) 

by setting 

((c, r, e)x)^ = e'^^h (1 + rj{xh + c,J, ((c, r, = e'^n (1 + r,J(yi + c,J, 
((c,r,e)u).(giv(^)) =u^(giv((l + ri)-ie-^'^*z-Ci)). 

If {c,r,d) is sufficiently small, {c,r,9) ■ b is again a bubble map, i.e. the maps into V still agree 
at the nodes, and the nodes and the marked points are still all distinct. In fact, the values of the 
maps at the nodes or the marked points do not change, i.e. 

((c, r, e)u) ^^(((c, r, e)x)h) =u,^{xh), ((c, r, 6')«)^(oo) = «^(oo), ((c, r, e)u).f^{{c, r, e)y)i) =Ujlyi). 

Furthermore, if 6 E Ti-T, (c, r, 6) ■ b € TCt- If b is of type T, the above describes the action of 
a neighborhood of the identity in Qj- on the space of stable maps of type T. The action by C 
corresponds to the translations of C, by the first R-component to dilations about the origin, and 
by the last M-component to rotations about the origin. In addition, if S = S^, T is simple, and 
(c,r,9) G C X M X R is sufficiently small, we can define (c, r,6) ■ b similarly by viewing (c, r, 6) as 
(cq, Tq, 6q) in the above definition of the action. 



If e C~(52; V), define ■ ■ ■ , e r(n) by: 



Ci'HQNiz)) = -d{u o gjv) i^u\QN{z)) = -d{u o q^) 

z OS 

d d 



d_ 

■.di 



d_ 

zdr^ 



CuHQNiz)) = d{uoqN) ^(t— - s—^ = -d{uoqN) 



d_ 
zd0' 



where we write z = s + it and r = These vector fields extend smoothly by zero over 



the south pole. For any xeS'^ — {oo}, let wl^\ . . . ,w^' gC be given by 



„(4) , 



W 



(1) _ 



1, w, 



(2) ^ 



w^^ = X, = ix. 



If 6 is a bubble map as above, = 1, . . . , 4, i* G / if 5 = E and z* G J if 5 = 5^, let 

(k) _ ,,Jk) . ,(k) 



be given by 



0, 



ii i = i*; 
if iy^i*; 



w 



(k) 

{b,i*),h 



' (k) ■* 



0, 



w 



(k) 



' (fe) • .* 

wii', ji = i ; 



0, 
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(k) r-r- 

The tuples j*) correspond to the infinitesimal action of Qi on the space of stable maps of type T. 

Finally, if X is any space, F — >X a normed vector bundle, and b: X — >M is any function, let 

Fs = {{h,v)£F:\v\i,<5{b)]. 

Similarly, if is a subset of F, let Vts = Fsr\Vl. li v = (6, v) £ F, denote by by the image of v under 
the bundle projection map, i.e. b in this case. 

3.2 The Basic Setup 

In this subsection, we describe our assumptions on the smooth structure of TCt and state some of 
their implications. 

Definition 3.1 Bubble type T ={S'^, M, I; Jm , ^) is {V, J)-regular if for all 

b={S,M,I;x,{j,y),u) £ Hr 

(1) Db^Ui '■ r(wi) — > r'^'^('Uj) is onto for all i£l; 

(2) kerDfe^^^ — > 7'n,(oo)^^ C — ' H^o), is onto for allieL 

Definition 3.2 Simple bubble type T = {S,M,F,j,X) is (V, J)-semiregular if 

(1) the space Ti^g g |q|. is a complex manifold of the same dimension as ker Dgyi, for allb£Ti.^g ^ |q|. 
and there exist 5,C £ C°°{7if^g ^ |q|. ^.-j; M+) and for each b= {S, 0, {0}; , Uq) G Tif^g ^ |q|. a map 

such that 

\\^(S,il),{6};,X(,),biO\\9v,b<Cib)\\^\\ly^l„ ||/l(s,0,{O};,A6),6(^)~^(S,0,{O};,Aa),fe(?O||g,^,C'O -^(^)|l^~^1lgv',C0' 
for all ^,^'GkerDg^-_b with U\\gy,co, U\\gv,CO < S{b) and the map 

%,0,{6};,A5),fe: {eekerL»3^,6: llellg^.C" <'^(&)} ^^(^g ^Oj. <e^expg^_„. (?+^{S,0,{O};,Ao),fe(O) 

is an orientation-preserving diffeomorphism onto an open neighborhood of b in "^(5010}- A-)' 
thermore, the family of maps {H^g^ x)b'-^^ '^{Sli {6}- A-)-"" continuous. 

(2) for allb={S,M,I-x,{j,y),u)enr 

(2a) Db^Uh- r(nft) — >T^'^{uh) is onto for all h^I; 

(2b) keiDb^Uh — ^ ^«h{oo)^; C — > C(oo), is onto for all h£L 

Remarks: (1) All conditions in both definitions above are independent of the choice of metric on V. 



(2) Condition (1) of Definition 3.2 says that Ti-^^^ |qj_. ^^.-^ is a smooth manifold modeled on ker 



for bGTi^gQ |q|. as would be the case if Db'. T{ub) — > T^'^{ub) were surjective. 



(3) The conditions of Definitions 3^ and 3^ insure that Ht is a smooth manifold; see Proposi- 



tion |3.3| below. However, (2) of Definition 3.1 and (2b) of Definition p]3 are somewhat stronger 



than necessary to show that Tiq- is smooth. They allow us to obtain the second part of (1) in 
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Proposition 3.3, which is used in the proof of surjectivity of the gluing map; see Subsection 4.2. 
These two conditions hold for all complex homogeneous manifolds; see [KT\. 

Note that if T is semiregular, the homotopy invariance of the index implies that the vector spaces 

r_(6) = cokerDfe « kei D; C r°'^{b), b e Hr, 

form a vector bundle over 7iq-. Here denotes the formal adjoint of D^, with respect to a metric 
g on S; it is a J-linear operator. The space kev is independent of a conformal choice of the 
metric g. The bundle r_ — >TCt will be called the T-cokernel bundle. It is Gr-equivarent, and 
thus descends to a bundle r_ — > A4r, which will be the analogue of Taubes's obstruction in our 
gluing setting. 

Let T={S, M, I; j,X) be a bubble type. U b= {S, M, I; x, {j,y),u) GTCt, put 
ICbT = ^a = {tWj^,,)£VbT: C,€ker{Dt,u^) ^iGl; = V/i G /, A; G [4]; 

S,hioo) = CiA^h) + du,^\^^Wh V/ie/|. 

If a = {C,Wj^j^) G ICbT, let 

hei 'eA^ 

We take the default norm on /C^T be given by || • llb,^^- If ^ is as above, b= (S*, M, /; x' , (j, y'),u^ , 
and 6>0, we say d{b,b')<6 if there exists a^VbT such that exp^iT = 6' and ||cr||ft (70 <5. 

Proposition 3.3 (1) IfT = {S,A4,I;j, A) is a regular or semiregular bubble type, Tiq- is a complex 
manifold and there exists 67-, C-r S C°°(7W^^; M"'') with the following property. If b* gTIj- and 

b= {S,M,r,x,{j,y),u) is s.t. d{b* ,b) < erib*) and Bui = \/ie I , 

there exist S,i£T{ui) for i £ I such 

Ui\\gv,co < Cr{b*)Ydv{u,^ixh),Uh{oo)) and b' = {S,M,I;x, {j,y),u) € Hr, 
hei 

where n'g = tig and u[ = exp^^ if i£l. 

(2) The space is a smooth oriented manifold on which the group Gq- acts smoothly. The maps 

cv.mP — >V, ev{S,M,T,x,{j,y),u) =7x5(00), 

evi-.M^ — >V, evi{S,M,T,x,{j,y),u) =Uj^{yi), 

dui\z : mP — > T*T.r^i®u*TV, dui\z{S,M,I;x,{j,y),u) = dui\z, 

are smooth. In particular, ui — > defines a continuous function on . 

(3) There exist 6r,Cr£C°°{MP]R'^) and .smooth maps 

hT,b = /i^i © ■■ ^bTsrib) r'(6) © (C © M)^" , 
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such that \\hr,b{cr)\\^^^o < CT{b)\\a\\l^^o , 

\\hT,b{o-) - hr,b{o-')\\^^^o < Cr{b) {\W\\b,co + \W\\b,co) Ik - cr'\\i,^co, 

and each map 

Hiflib, a, 9) = {hP,{a),e) • exp, (a + h^^lia)) , 
is orientation-preserving dijjeomorphism onto an open neighborhood of b in . 



Proof: (1) Let % = {T.r,i,{l ■ ji = i] + {h: t?, = i}, {0}; 0, A^). By (1) of Definition |3l|, and (1) and 
(2a) of Definition 3.2, TiTi ^ complex manifold for all iG/. Let 

^l = {{q,q)i^X\^VxV):qh£v]. 



The submanifold Ay is the /-product of the diagonal in V xV . Since V is oriented, so is the normal 
bundle of Ay. Claim (1) of the proposition follows by applying the Implicit Function Theorem, 
(2) of Definition and (2b) of Definition 3.2 to the smooth map 

ev;: JJWr, ^n(^^^)' ^^h{{S,MJ-x,{j,y),u)) = (u;,(oo), u,, (x^)) . 
Note that Hr = 

(2) For any u£C'^{S'^;V), define ^uGC, ^'(3)^^]^^ ^nd ^'ugCxM by 



^u= {^uM^^u) = n \duoqN\^z, \duoqN\^f3{\z\) - 

where the integrals are computed using the metric gv- For G / if 5* = S and i* G / if 5* = S^, we 
define maps 



^r^v^-Wnr^^C^^ by 
vI/r,^<S, M, /; X, {j, y),u) = (§^/,*+^4(T)x^+^ yi, *(3)^.,+^4(t)/3(|x;,|)+^ P{\yi\ 



These maps ^t,«* are smooth, since the smooth structure on all TCj-. is described similarly to (1) 
of Definition |3^. Furthermore, if ftGA^^"*, i*G/, and A;* = l,2,3, since ^r,i{b) = for all i and P' 
does not change sign, by Lemma 3.4, 



dm 



b^'ib^i) 



= 0, if i^i*; 

/O, iii = i*,k = k*; 
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where k = 1,2, 3. By (2) of Definition and (2b) of Definition 3.2, it follows that the map 
n^r, ^ (C X R)' X n(^x^)' b ((^r,.(6)),g/,ev;(6)^ 



is transversal to the submanifold {0} x A^. The preimage of this submanifold is precisely the 
space mP- Thus, is a smooth oriented manifold by the Implicit Function Theorem. 



Lemma 3.4 For any A;G [4] and u G C°°(5^; V), ^('^^(oo) = 0. Furthermore, 
§ ((c, r, 6*) • n) = (1 + r) (§n + c\\du\\l) V(c, r) G C x M; 



|:^(^)((o,r,0). 



r=0 



|d(nog^)|^/5'(|z|)|z 



(k) 

where (c, r) • n is defined as in Section Finally, DuCu =Oifdu = 0. 



(3.1) 
(3.2) 



Proof: The first and last statements are immediate. To prove (^]^), we use the change of 
z — > (1 + r)~^z — c. 



/ \d[{{c,r) ■ u) o qN)\^z = / (1 + r) 2|d(nogrjv)| 
JC Jc 



(l+r)-iz-c 



(1+r) / \d{uoqN)\'^{z + c) = {l+r){^u + c\\du\\l). 



Similarly, 



^ f \d{{r . u) o q^)\^ P{\z\) 



\d{u o qN)\^ 13' {\z\)\z\. 



r=0 



The lemma is now proved, since the action by the ^-component does not change ^ . 

If T= {S'^,M, I; j. A) is a regular bubble type, with notation as above, let 

K:bT={a = {^i,w^^j)eJCbT: (a, af^^^^) = VA: G [4], (oo) = (oo) Vn, is £/-/}• 

By (3) of Definition |3.1| and the same argument as in the proof of Proposition |3.3| , we can construct 
smooth maps h^^^ xfvp^^ : ^^T^^f,) — > r'(6) x (C x R)^ such that each map 

i/^°J, : {{b,a,e) G ICbfsip) X : 1^1 < vr} ^ Br, 
HP,{a, 6) = {h%{a),e) • exp, [a + h%{a)) , 

is orientation-preserving diffeomorphism onto an open neighborhood of b in Bt- 
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3.3 Construction of Nearly Holomorphic Bubble Maps 

Let T= {S, M, I; j, X) be a simple bubble type. In this subsection, for all 6g A^^^ and v={b,Vf) 

with Vj G pjf^T sufficiently small, we construct a bubble map h(^v^ with domain Xl-^j, where X]^ is 
as Subsection The map will be just the composite Ubo q^. We then define a Riemannian 
metric g^^i and a nonnegative function on each component of S„. The metrics will be 
such that the C'^-norm of the differential of is bounded independently of f j^. The nonnegative 
functions are used to modify the Sobolev norms, in such that a way that the norm of the inverse 
of the operator -Dfe(„) on certain subspaces of T{b{v)) is bounded independently of Vj. 

By Proposition is a smooth manifold. US = S^, let 6r G C°°{mP ; M+) be a Gr-invariant 

function such that drib) < ry, for all beM^. If S = S, let dr eC^iUP ;R+) be a Gr-invariant 
function such that for all 

b={^,M,I;x,{j,y),u) e Aif 

(Al) 457- is smaller than the function 5 of Lemma 
(A2) 45r(6) < rc,56,o. 

In both cases, it can be assumed that 5r does not exceed \. 

If is a subset of /, put 

F(^)T= {t;=(6,w/)GF(°)T: z;/, = if and if /iGi?}, 
F^r = {v=[b,vi\eFT: Vh = ^ if and if /iGF}. 



For any v = (6,?;;) e F(o)T, let denote | v\g^ if S* — S. From now on, we assume that 
that 8(5^ < (5r. If 



is a Gt- equivarent function if 5" = S and a Gr-equivarent function if S = S'^ such 



u = {b^,Vj) = {{S,MJ;x,{j,y),u),Vj) G F^T^, 
let qy : S„ — > Sj,^ be the smooth map defined in Subsection ^ for 

V = {C,Vj) = {{S,M,r,x, {j,y)),Vj), 

using the metric q on S if S = S. Let Uy = u^^ o q^ and = (C(f),u„). 

We now define a Riemannian metric Sfu,* ^v,i ^ot each i(^I(v) C/. Along the way, we construct 
a metric g^^i on for each i e /. Suppose z S / and for all /i G / such that ih = i, we have 

constructed a metric (7„^/i on For each /iG/ such that ih = i and i^/iT^O, let gv,i,h denote the 

metric on Bb^^h{'^S{bv)^) which is the pullback of the metric g^^h by the map 

z — >qN[ I, where (Ph^h=<. 

This metric is conformal with the original metric g^^^i on S;,^ j, because the maps <^b,h are holomor- 
phic on the set {r^^h < '^^-(fe)} and the metric g^^h is conformal with the standard metric on C. Thus, 
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there exists a smooth positive function Xv,i,h such that gv,i,h = ^ih9^v,i- Let Xv,i^C°°{Tih^^i; 
be given by 

)^ (^\ _ \^v,i,h{z) + I3\vu\ (.n^A^)) (1 - ^v,i,h{^)) ' if ''/i = ^ and rb^,/i(2:) < 2\vh\^; 

\i, ifn^^j,{z)>2\vh\-^yhei. 

Since / is a rooted tree, this procedure defines metrics g^^i for each i£l{v). 

In addition, we define a smooth nonnegative function on for each i G /(f). As in the 
previous paragraph, along the way we define a function p^^i for each is/. Suppose i G / and for all 
h£l such that ih = we have constructed a smooth function p^^h. on Sb^,^. For /iG/ with ih = i 

and zGSfe^^i with \z\h = n^,h{^) < 25r{bv), put 



'pvMQh,.,z) + { {\z\l + ^) - /5.,h(gM.^)}, if < Srib.y, 



Pv,iiz) 



if Vfij^O, where g/^^^^ is defined as in Section using the metric g^^ g on S if 5 = S. If Vh = 
and z is as above, let 



If \z\h > 257-(^u) for all h G I with ih = i and 7^ if i > 0, set Pv,i{z) = 1. Otherwise, let 

This construction defines nonnegative functions p^^i on j for ah i£l{v). 
We finally define norms on the spaces r(ti„) and r^(n„). If ?/i Gr^(u^,^j), put 

2H\\v,p;={[ h\')' + {[ P^fhl'f, (3.3) 

where |7/i| and the integrals are computed with respect to the metric g^^i on and gvfi^ on V . 
Denote by ||f?i||«,c'o.j the C'^-norm of rji with respect to these metrics. If r] = r]j(^y^ Gr^(n„), let 

ll^ll^^,p = \h\\v,p;i, \\r]\\v,co = \\r]i\\v,co-i- 

i£l{v) iel{v) 



mi\\v,p;i = ( / le.r)' + ( / P~/'m'f; mui-, = \Mv,p; + iive.iu,^;^, (3.4) 



Similarly, for any S,i£T{uv,i), put 

where we again use the metrics g^^i on S^^j and gv.b^ on V as in (^). Denote by ||Cj|L,cO;j the 
C°-norm of with respect to the metric gv,b^ on V. If ^ = C/(w) Gr('Uw), let 

||?||i.,p = ^ IICi||t;,p;i, U\\v,p,l = Y ll^ill'^.P.l;*' II^L,CO = Y ll^»ll",C'0;j- 

iG/(n) 
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P-2 

Note that even though the functions p„ j have poles at the singular points of all smooth 
one- forms and vector fields have finite norms defined by (^^) and ( |3.4D , respectively, since < 1. 
We denote by L\{v) the completion of T{uy) with respect to the {v,p, l)-norm and by U'{v) the 
completion of T^'^{ux]) with respect to the (f,p)-norm. Finally, let 



denote the linearization of the ^-operator at Uy with respect to the metric gvb^ on V . 



Lemma 3.5 IfT is a simple bubble type and p>2, there exist 5, C°°(A^^''; ] 

(1) \\duv\\y^c^ < C{bv) and \\duv\\v,p < C{bv)\v\p ; 

(2) < C(6,)||e||„,p,i for all ieT{uy); 

(3) m\v,co < C(MlieiU,P,i for all^€T{uy); 

(4) m\v,p,i < C{by){\\Dy^\\y^p+\\av,p) for all^eriuy). 



such that for 



Proof: If /i G I — I{v) and S = S"^, let be the annulus as in Subsection 22. If S = S, let 
^ ^. By definition of the norms, qv is an isometry outside of such annuli, and by 



Kh denote 



Lemma O the C° -norm of dq^ is bounded on such annuli independently of vt. Thus, the first part 



of (1) follows from (2) of Proposition S ince py ^ on ^-^j /^, the second part of (1) follows 
from Lemma 2.2. Statement (2) of the lemma is immediate from the definition of the norms. The 
last two claims are proved in the Appendix; see Proposition 5^ and 5.11 . In fact, the C^-norm 
of ^ is bounded by the usual L^-norm of ^. 



3.4 Scale of Variations 



In Subsection 3.6, we consider perturbations of the bubble maps {b{v)} in directions "away" from 
the space of such bubble maps. More precisely, we look at replacing Uy by exp^^ „^ ^ with ^ lying 
in a certain subspace of L^{v) complementary to "the tangent space" of the space of maps {b{v)}. 
If T is regular, one obvious candidate for such a subspace is the (L^, f )-orthogonal complement 
of the kernel of D^. While the construction in Subsection 3.(: would go through, we would run 
into significant difficulty showing injectivity and surjectivity of the gluing map; see Subsections 4.2 



and 4.5. In this subsection, we start by describing a choice of the complementary subspace which 



will work for the purposes of Subsections |4.2| , and |4.5| . We then describe norms on the tangent 
spaces to FT and the properties of our setup that are sufficient to show injectivity and surjectivity 
of the gluing map. 

Suppose v= [{S,M,r,x, {j,y),u),v) GF^^'^Tg, where T is a simple bubble type as before. For any 
eer(6„), define RyCeL^iv) by 

Note that Ry^ is smooth outside of the \I—I{v)\ circles mapped by to the nodes of T,y^ and is 
continuous everywhere, since r(6„) is the set of smooth vector fields on the components of E;,^ that 
agree at the nodes. It follows that Ry^ is indeed of class L^. Let T^{v) be the image of ker(Z)fe^) 
under the map Ry. This space models the "tangent bundle" to the space of maps {b{v)}. Denote by 
r+(f) its (L^, (7„)-orthogonal complement in L\{v). Let 7r„^_ and 7r„^+ be the (L^, 5„)-orthogonal 
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projections onto T^{v) and T^{v), respectively. 
With Hci and veF^^'^Ts, let 

f^F^T = {iC,Wj^^^j,ej,rj_^)GT^F^T: Wh = OyheH}. 
Given w as above, put 

ii^ii = u\\b^,co + i^'^i''- + i^'i^- + i^'*! + Y I'^'^i- 

ftei 'ga/ hei h&i-H 

If 5r and are as in Proposition |3.3| and ||ri7|| < 5']-{bv), put 



^ {S, M, /; xiw), {j, y{w)), u{w)) = hP,^ (C, 0,-) G A^^" 

0, if /i G 



(0) 



Vh{W) 



v{w) = (6^, {v{w))j). 



Then G F^^^Ta^ if ||ro|| < for some 6 G (7°°(>1^^M+) sufficiently small. If F = 0, 

T^F"T = f^F"T models the tangent space of [u] in F^T. li H y^^, the bundle F^T and the 
construction in the previous subsection lift to a bundle ^ FT over 

M^ = MP/{gjeGT:9h = iy9eH}. 

Then T^F^T models the tangent space of [v] in ^ FT. On the other hand, T^F^T models the 
tangent space of [v] in the restriction of ^ FT to the subspace 

{ [b' = (5, M, /; x', {j, y'),u)] G : ^ = x;, V/i G . 

The reason for defining subspaces T^F^T is that if x'f^^Xh for some h' ^H, b{v) and do not 
have the same singular points for all t; G -FjJ T and uG-Fj,/ 7". Since the perturbation construction 



of Subsection ^^does not change the singular points of b{v) and b{v'), the resulting bubble maps 
b{v) and b{v') will necessarily be different. 

We now define norms on T^F^T, which make the estimates in Lemma dependent only on b^ 
Uhei-H, let 



w'h = A^,hqv{^),cn{Qv}n('^h,Xh)) G Fj^^l if qv{^),cn {QvliSl^h, Xh)) G 



t-h- 



In such a case, let \\w\ 



v.h ' 



Otherwise, put || tx7||„ /j — l- Let llt^l 



11^11+ \\^\\v,h- 
hei-H 

In order to simplify notation, we replace v{zu) by zu whenever there is no ambiguity. If is 
sufficiently small, define Czu^^'{uv) by 



expb^ ^u^C,;^ = u^, 1 1 Ct:^ 1 1 fe„ ,co < inj gv,b^ ■ 
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Similarly, for h&H and IgM, define Wh{'!^) €Txf^(v)'^v,i.h{v) ^-^d wi{w) GTy^i^^-jTi^j^^^y-^ by 

^^Pg^,xh{v) Wh{-^) = Xh {v{tu)) , \wh{'cu)\ = \wh{^)\g^ < inj^^(„)fi(„; 
^^Pfl^-.s/iH = (^(^)) ; \wi{w)\ = \wi{w)\g^ < injy^(„)5r„. 

If w ^TF^T and ^ Gr(n„), let R-^i ^'^{um) be the vector field given by 

Note that since b{v) and b{w) have the same singular points whenever m G TF^T, Hb^X^ does 
indeed map r(u„) to r(uro)- If r]^r^{uv), we define i?CT'7£r^(uro) similarly. Let denote the 
inverse of iJ^. 



Lemma 3.6 There exist 5, Cg C°°(A4^^M+) such that for allveF^^^Ts and vu ef^F^Ts, 

(1) C{b^y^\\w\\^ < ||Cro|k,p,i + \wh{'^)\g,, + E \wi{w)\g^ < C(6„)||ro||„; 

(2) |||^ - 1||^3 < C{h^)\\w\\, - l||^o < C{K)\\w\\^ and ||^ - l||^o < C{K)\\w\\^; 

(3) \\S^du^ - dn^l^p < C{b 



(4) \\S^u-i.\l^^<C{b^)\ 



w\ 



(5) \\S^D^R^S,-D^^\\^^^ < C(6„)||ti7||^;||^||„,p,i and ||S'„7r„,±i?„^-7r„,±^||^^p^_^ < C(6„)||ti7||„||^||„,p,i 
for all ^ Gr(n„). 

Proof: The first statement of (2) is clear. Proofs of (1), the last two claims of (2), (3), and the last 
claim of (4) are direct, though lengthy, computations, all of the same nature. The statement of (4) 
is immediate from (1). The first claim of (5) follows from (2) and basic Riemannian geometry 
estimates as in 



Remark: The second of Claim (5) above is proved by choosing an orthonormal basis {S,b,i} for the 
kernel of Df, for b lying near 6„ in , so that each .^^ i varies smoothly with b. Then the claim 
follows immediately from an estimate on S^R^^^^-^^b^^i — Rv^b,i, since the projection maps can be 
expressed in terms of inner-products with S^b,i- Note that if we had defined T-{v) to be the kernel 
of Dy in the case T is regular, this claim, if true, would have been much harder to prove because 



of the presence of small eigenvalues of D*Dy; see Subsection |3^ for more details. 



If V £ F^^^Ts, can be viewed as a connected sum of the surfaces {{T,r,i,gb^,i)} with very 

thin necks. If tu G K,b^T C T^F^T is as above and \wh\ > 2|t;/i|2, the maps : S — > V and 
tiro : S — > V are very far apart in the C'^-norm even if ||ci7|| is small. However, we can still 



compare the two maps and the various objects of Lemma appropriately defined, on the cor- 
responding direct summands. If the gluing map of Subsection ^ is defined only on F^^^Ts, and 
not on FTs, we need to be able to do such comparisons in order to adjust the gluing map in the 



presence of constraints fx; see Subsection 3.8 



In order to state an analogue of Lemma 3^ with \\w\\y for w ^T^F^T replaced by ||ti7|| for 



welCbTd T^F'^T, 
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for each G/Cb^,7^(b), with 5 sufficiently small, we construct a smooth map : C^v^gv) — > (J^m,gm)- 
which is almost an isometry. The map will depend only on the elements Wh^F^^. The structure 



of the construction is similar to the construction of the map in Subsection |2.2| . For each /i G I 
with t/i = 6, let Ph,-uo'- Bb^,h{^ST{bv)) — >S be the (holomorphic) (5^^ 5, g^,^ g, )-isometry provided 
by Lemma 5.1. Define q^^'.Ti — > S by 



^z, if n^,h{z) > 25r{bv)- 



like I and we similarly define qhXxh,Wh) ■ ^6/^ — ' ^b,,^ by 

i^, if n^,h{z) > 25r{bv)- 



Let Q = Ids. If and : S — > S has been constructed, let 

U^\h{Ph,U^){qz^,,Jqu,,„,iz)))), if rb^ ,^Aq^,,^{z)) < 25r(6„); 
Qv^,ih{z), if n^ ,^Aq^^,^{z)) >26T{bv). 



ivj.h 



(z) 



Going through all of /, we obtain a map '■ S — > S, which shifts the connect-summands of (S, g^) 
to the connect-summands of (Ti,g^). The important properties of such maps as summarized 
below. 

Lemma 3.7 There exist 6,C C°°(A4^'';M) and a smooth family of maps 

(1) qo = Ids CLud qv = Qvj ° Qvj ^ ^t^, i = '^l^ i outside of the annuli 

Arr = q^\^q^]J{z^^b^,,^ : 5r{b^) < n,h{z) < 2<5r(6.)}' 



which contain no marked points of b{v) or b{Tu). 
(2) <C{b^)\\vu-w'\\foraUvu,w'e}Cb^Ts 



5{br,)- 



These maps g^ allow us to compare operators on vector fields and one-forms on and 
whenever ||ci7|| is sufficiently small. Define C'^gT{u^) by 

expfe„,„„ C = u^o q^, ||Cllfe„,co < inj gb^- 
For ^eT{uv), let R'^(,eT{u^) be given by 

Similarly, of r](^T^'^{uv), let R'^rj G T^^^^Ut^) be given by 



Denote by the inverse of R'^. Similarly to Lemma 3^, we have 
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Lemma 3.8 There exist 5,C gC°°{mP ■,R+) such that for all v£ F^'^'^'Ts and w GJCb^T cf^F^'Ts, 

(1) C{K)-^nj\\ < \\CJ\v,p,i + E I^^MI^. < C{b^)\\w\\; 

l€M 

(2) \\S'^du^ - < and \\S'^du^ - ^u^j^^ < C(6„)|u| p ||ro||; 

(3) ||5>-z.||^^^<C(6,)||t^||; 

(4) \\S'^D^RU-D^i\l^^ < C{b^)\M\mv,p,i and ||5>^,±i?U-vr.,±eL,p,i < C(6„)||tn|| 
for all ^ Gr(n„). 

3.5 Obstruction Bundle Setup 

In the next subsection, we look for solution of the equation dexpj^^ y^^ ^ = tv with ^ lying in a fixed 
complement of r_(f). If t is sufficiently small, we are able to solve this equation up to an element 
of a vector bundle of the same rank as the dimension of r_(6i,), called obstruction bundle. This 
element is the obstruction to solving the equation. There are choices to be made for this obstruc- 
tion bundle as well as for the subspace complementary to r_(i;). We describe in this subsection 
what conditions these choices must satisfy for the gluing construction to work properly. 

If h* = (S, M, /; X* , (j, y*) , u*) G and h = (5, M, I; x, (j, y), n/) = i^r.h- (^r, 6) for some a G /Cfe*T 
and ^gM^ let ib*,b = ib*,b,i^T'{h) be given by 

expb.,„. ib',b,i = Ui, \\ib',b,i\\(jo < inj 5^,6*- 

Let Iii,',b = ^b',i,,y 

Definition 3.9 Suppose b* = [S, M, I;x* , {j,y*),u*) , = {S,M,I;xk,{j,yk),Uk) G M^^, and 

Vk = {b]^,Vk)& F'^^^T are such that the sequences {b^} and {\vk\b^^ converge to b*GAi^^ andOGM, 
respectively. 

(1) The sequence {Cfc G -^i('Uwfc)} -converges to ,^*Gr'(6*) if 

(la) the sequence {n^.\^,fe ° 'i'w/)} -converges to ^* on compact subsets ofT,'^*; 
(lb) there exists C > such that \\S,k\\vk,p,i < for all k. 

(2) The sequence of sub spaces {VfeCr(n„j.)} -converges to subspace V* <zT{b*) if there exists a 
sequence of bases {{^fc^j}^^^ C 14} such that 

(2a) for each i fixed, the sequence {ik,i\ -converges to some Q ^V* ; 
(2b) the set {^*} has cardinality N and is basis for V* . 



Lemma 3.10 If the sequence {ffc} C F^^^T converges to b* G and the sequences {^k £ -^i (^fc)} 
and {S,k& L^ivk)} converge toS^*£r'{b*) and ^* £T' (b*) , respectively, 

lim m,Ck))v„2 = {{e,n)v*,2. 



Proof: If ffc — > b*, the metrics gv,bv^. on V and gb^,,i on Sx^j C'^-converge to gy^b* and gb*,i, 
respectively. On the other hand, by (lb) of Definition 3.9 and (2) of Lemma 3.5, there exists C>0 
such that 

Uk\\vk,CO, \\ik\\vk,CO < C V/c. 
Thus, the claim follows from (la) of Definition |3.9| . 
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Definition 3.11 Suppose Q is an open subset of F^^^T such that h{v) is defined for all vGQ. A 

(Gq-yi AutiT)^ -invariant smooth complex subbundle r_ — >$7 of the Banach bundle L\ — >VL is a 
tangent-space model over if 

(1) for every sequence {vk} <Z^ converging to b* a subsequence o/{f_(ufc)} -converges 
to a subspace V* C r(6) such that nb- '■ V* — > r__(5*) is an isomorphism; 

(2) if TTv^- : L\{v) — >f_(f) is the {L?' ,v)- orthogonal projection, there exist 6,C S C°°(7W^^; M"*") 
such that for allv^Vts ^nd all ^€T{uv), 

(2a) \\S-^Tt-^-R-^i - 7f„_^||^2 ^ C{bv)\\w\\^; 



(2b) 



-RU 



vr,; 



\w 



v,p 



1 for allweJCb^TcnF^^'^Ts 



One example of a tangent-space model is {r_(i;) : vGF^'^^Ts}. In such a case, the limit V* in (1) 
of Definition p.ll is r_(6*) and thus depends only on b* , and not on the sequence {vk}- However, 
for computational reasons, it is sometimes advantageous to work with other choices. With the 
choices in p2| |, the limit V* in (1) of Definition p.ll in fact depends on the sequence unless |/| = 1. 
The following lemma collects some of the implications of (1) of Definition 3.11 . Condition (2) is 



needed in Subsections 4.2 and 4.5. For any tangent space model over 17 and v(^ft, we denote the 



(L'^, f )-orthogonal complement of r_(T;) by T^{v). Write r^|;^(f) for the image of r+(i;) under the 
operator Dy. 



Lemma 3.12 Let r_ — > Q be a tangent-space model. Then there exist C,5 £C°°{Ai 
that for all v£Qs 

(la) \mv,p,i < C{by)mv,2 for all^er^iv); 
(lb) ||7f„ _^||„,p,i < C(6„)||^||„,p,i for all^£T{uy); 
(2a) LP{v) = T.{v)et+{v); 

(2b) if TT- and 7r+ are the projection maps corresponding to the above decomposition, 



such 



Proof: (1) Suppose there exists a sequence {vk € ^} converging to b* £ Ai^ and a sequence 



{CfcGr„(t;fc)} such that 



:1, while IICII 



►0. Since ||^, 



k\\vk,p,l 



and (1) of Definition |3.1l| , a subsequence of {S,k} C'^-converges to some nonzero ^* G F 
since ||Cfclkfc,2 



1, by (2) of Lemma |3. 16 



However, 



^ 0, lie* life*, 2 = by Lemma 3.10. This is a contradiction, and thus (la) holds. 
Claim (lb) is an immediate consequence of (la) and (2) of Lemma |3.16| . 

(2) Claim (2a) is equivalent to saying that no nonzero element of F_(t;) is orthogonal to F_(u). So, 



suppose Vk — >6*gA^^^ and {Ck^^-{'>Jk)} is such that ^fc is orthogonal to F_(f) and H^, 



k\\vf,,p,l - 



Since ^k^'^-ivk) and ||Cfc||ffe,p,i = 1) by (1) of Definition 3.11 , a subsequence of {^,k} converges to 
some nonzero ^*SF(6*). By Lemma p.lO| , ^* is orthogonal to T-(v). However, this contradicts the 



second part of (1) of Definition 3.11 



(3) Due to (lb). Claim (2b) is equivalent to saying that there exist C,5 £C°°{Mq-;M) such that 

U\\v,p,i<C{by)\\Tty,^^\\y,p,i yvGfts and ^eT_{v). 
Suppose there exists a sequence {vk} C Q converging to some b* G Ai^ and a sequence {^k G r_(ufc)} 



such that ||7fuj,^_^fe||„j.^2 — > 0, while ||Cfc||tjfe,p,i = 1- By Definition 3.11 , a subsequence of {F_(t;fc)} 
converges to a subspace V C F(6). On the other hand, a subsequence of {^k} C^-converges to a 
nonzero element ^* gF_(6*), which must be orthogonal to V by Lemma p.lO| . This contradicts the 
second part of (1) of Definition 3.11 . 
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Definition 3.13 Suppose Q is an open subset of F^^^T such that b{v) is defined for all vEQ. A 

[Gq- X Aut{T)) -invariant smooth complex subbundle T^J^{v) — > of the Banach bundle — >Q 

with the same rank as T^_l^ — > A^^^ is an obstruction bundle if 
(1) there exists C eC°°{MP such that 



\r]\\v,p<C{b^)M2 and \\DIj]\\^^i < C%)\v\v -iveQ, r]eV^l^{v 



(2) if it'^'1_ : LP{v) — >r^^^{v) is the {L'^ ,v)- orthogonal projection, there exists 6 gC°°(A^^^; 
such that for allv€0,s and all rj(^r^'^{uv), 

(2a) \\S^TTl]_R^rj - ^°;ir?||^,^2 ^ for all w ^T^F^^^Ts^^,^^ 

(2b) \\S'y^]_R'^7^ - 7r°;ir?|| ^2 < for all w GlCt^T cT^F(<^^Ts^,^y 



Such an obstruction bundle is related to the cokernel bundle r^_l^ — > However, if / 7^ 0, 

the low-eigenspaces of D^D* are too large to form an obstruction bundle; see Remark below. 
Examples of bundles that satisfy Definition p.l3| can be found in [Z2|. Given such an obstruction 
bundle, we denote by 7r^'^_ and tt^\ the (L^, t;)-orthogonal projection maps of U'{v) onto r'^;^(t!) 
and its (L^, f )-orthogonal complement T^^{v), respectively. The following lemma is clear from (1) 
of Definition 3.13 . 

Lemma 3.14 IfT^_^ — > is an obstruction bundle, there exists C^C^{}Aq-;M) such that 

\\TT^\r]\\v,p <C{bv)\\r]\\v,p Vi;GO, ??Gr°'-^(u„). 



Definition 3.15 If T is a semiregular bubble type, an obstruction bundle setup for {V, J,T) is a 
tuple {5,t-,r^J_^ , R), where 

(1) 6eC'^{MP;M.+) is {Gt x Aut{T)) -invariant and b{v) is defined for all veF^^^Ts; 

are a tangent-bundle model and an obstruction bundle, re- 
spectively; 

(3) R: 7r*r_' — >rj is a smooth oriented {GrxAut{T)) -equivarient bundle isomorphism over 
where vr: F^^^Ts — > is the bundle projection map. 

For the rest of the paper, we fix such an obstruction bundle setup. However, whenever we refer to 



(5sC°°(A^r;IR ), we will mean any function smaller than the function 6 in Definition 3.15 . The 



following lemma states some of the consequences of our setup that are crucial for the construction 
of the next subsection. If T is a regular bubble type, we take f-(f) and T^J_^{v) to be r_(u) 
and {0}, respectively, and define the other bundles and the projection maps in the same way. 



Lemma 3.16 If T is a simple bubble type, there exist 6,C C°°(A^^^;M^) such that for any 
v^F'^^^Ts ifT is regular and any vGF^'^'^Ts ifT is semiregular, 

(1) m\v,p,i < C(6„)||L»„elkp for all^er+iv) and all^er+{v); 

(2) ||vr°;i?/||t;,p < C{by)\v\p\\ri\\^^p for all r|et^_^:.^{v); 

(3) vr^'^ : f^L^('y) — > r^^(f) is an isomorphism with the norm of the inverse bounded by C{b^). 
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Proof: (1) The first statement of the lemma is proved in the Appendix; see Proposition 5.13. It 
is consequence of (2) and (4) of Lemma p.5| and of (1) of Definition |3.11 . The second claim is 



immediate from (1) of Definition 3.13 and the first claim. 

(2) Let W be the (L^, (7„)-orthogonal complement of 7r^^^,_(f '^^^(i;)) in T^_^^{v). The second claim 
implies that 



LP{v) = {r°/{v)®W)®t''/{v) 



(3.5) 



Since t^_^^{v) is the image of T+{v) under Dy, with respect to the decompositions ( |3.5D and 



bmce is an isomorphism by (1) of the lemma, 

ind Dv = ind D[j = dim r_(t;) — ( dim T^_^{v) + dim 

= (dim r_(6„) - (dim r°'^(6„)) + dim W = ind L>b„ + dim W. 

On the other hand, by the Index Theorem, with n = dimc V , 

)-l))-n{\i{v)\- 



(3.6) 



indD„ = 2( {{ci{V,J),\i{v))-n{g{Y.r, 
hei(v) 

= 2( {ci{V,J),X^) -n{g{S)- 1)) = ind Db^. 

hei{v) 



(3.7) 



By equations ( |3.6| ) and (|3.7| ), TV = {0}, and the last claim of the lemma follows from the second one. 

Remark: It is essential for claim (1) of Lemma 3.16| that p>2. The operator D*Dy has at least 
|/|(dim V) eigenvalues that tend to as \v\ — > 0. The corresponding eigenfunctions converge 
to vector fields on the components of that do not agree at the nodes. If T is semiregular, 
the operator has cokernel r'^'^(6). In such a case, the number of low eigenvalues of D*Dy, 
including 0, is (dim r^'^(6)) + |i|(dim V). 



J , -0,1 -pO,!/ X 

Let 7r„_+ : r+ [v] 



t^^{v) denote the inverse of Tr'^'\_ : T^'^ 



rVftj). We extend Tt'^'\ to all 



of LP{v) by taking it to be tt'^^;\ o vr,°'^ 



If r/Gr^'(i;), let Pyr]£T+{v) be the unique element such 
that DyP^r] = r]. We extend P„ to all of L^^v) by taking it to be Py o -7f|J'^. From Lemma 3.16| , we 
immediately obtain 

Corollary 3.17 If T is a simple bubble type, there exist 5,C ^ C°°(A^^^; M"*") such that for all 
v^zF'^^^Ts ifT is regular and vGF^'^^Tg ifT is semiregular, 

I -0,1 



(1) \K'+v\kp < C{by)\\v\\v,p for aUver^^\v); 

(2) \\Pvr]\\v,p,i < Ciby)My,p for all r]eT^'\v). 
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3.6 The Gluing Map 

In this subsection, we look for small vector fields ^eF +(t;) such that exp^^ „^ ^ is holomorphic if T 



is regular and lies in A^E,t!^,A* if ^ is semiregular. In Subsection 4.5, we show that all holomorphic 
maps if T is regular and all maps in Mj^^ti^^x* x if T is semiregular that lie near Mq- with 
respect to the Gromov topology can be obtained in this way. 

If ^ Gr(u„), define exp„ ^ : S„ — > V and d^C ^T^'^{uv) by 

{exp„ ^}(z) = expb^_„^(^) ^{z), {dyC}\z = ^b^]^(z) ° ^{exp„ ^}|^ . 

If 5 = S and z^Gr(S; A°'i^£r*S ® vr^TF), let E TO'^K) be given by 

Then, 

^{exp„^}(-) = ii^l(-,{exp„ ?}(■)) <9«C = iz^«,^- (3.8) 

Write 

B^C = + Dy^ + N^,e. and f^.^U = + (3-9) 

Then the second equation in ( |3.8D is equivalent to 

Dy^ + Ny,U = tu-duy, (3.10) 



and by Proposition ?? in and (1) of Lemma |]5|, there exist Cg, 5 G C°°(7W5?^ M+) such that 



for any v^F^^^Ts and ^2^^{uv), 

WN^Mi - Nv,tuC2\\v,p < Cq{k) (iieiii v,p,l + II6II + i) 116 -611 (3.11) 



If T is semiregular, the term u will be fixed, and we will be looking for solutions of ( 3.10| ) with 
t>0 very small for v £ F^^^Ts. If T is regular, we will consider ( p. 101 ) with t = and v £ F^^^Tg. 



In both cases, we will consider only solutions ^ of ( |3.10| ) that lie in the subspace f +(t^) of L^{v), 
since the subspace T-(v) corresponds to moving along the image of the pregluing map v — >b{v). 



Vector field ^ = Pyr] with r]£T^^{v) solves equation ( |3.10| ) if and only if 



and 7r°'i (tu - Bu^ - vr°;+r? - N^^tyPvt]) = 0. (3.13) 



Denote the map t] — > 7:^'^_^N,a^tuPvrj by N^^^^. By Corollary |3.17 and equation (|3.11| ), there exist 
Cq, 5 £ C^iMP ; M+) such that for any v G F^^'^Ts if T is regular and v G F^'^'^Ts if T is semiregular, 

\\Nv,tum - N;^,tuV2\\v,p < Cg{by) (WmW^^p + \\r]2\\v,p + t) \\rii - ri2\\v,p Vr/i, r/2 Gr^}:^(t;). (3.14) 
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Lemma 3.18 There exist e,5€C°°{MP;M+) such that for allvGF^^^Ts andt = ifT is regular, 
v^F^'^^Ts and tG[0;6{b,tj)] ifT is semiregular, and a(zT^^ (v) with \\a\\v,p<e{bv), the equation 

V + N^,tuV = a 

has a unique solution 7]a in T^^{v) such that \\r]a\\v,p ^ 2e(6i,). Furthermore, such a solution 
satisfies \\ria\\v,p ^ 2||a||„^p. 

Proof: Put e{b) = {6Cg{b))-^, where Cg is as in ( p^ ). Define 

^q: [r] eT^^^ (v) : \\r]\\v,p < 2||a||„,p} — > ^+^{v) 
by ^^aiv) = ct — N^^^rj. By equation (3.14), 



\'^a{il)\\v,p < \\a\\v,p + Cdi^v){\\'n\\v,p + i)lklk,p < 2||a| 



V,p7 



5 

||^a(f?l) -^a(??2)|k,p < Cgib y){\\Vl\\v,p ~^ \\V2\\v,p ~^ t)\\Tli f?2 lit; ,p ^ g 11^1 ^2||i;,p- 

It follows that is a contracting operator, and thus has a unique fixed point r]a, i.e. 

Va + N:^^tvVa = a, and ||r/a||„,p < 2||a||„,p. 
The uniqueness claim follows immediately by taking the difference of the corresponding equations. 

Corollary 3.19 If T is a simple bubble type, there exist (5, e, C G C°°(A1^^; M"*") such that for all 
v^zF^^^Tg andt = ifT is regular andv^F^^^T^ andtG [0;6{b^)] ifT is semiregular, there exists a 
unique rj^^tu^^'^'^iv) such that rj^^tv satisfies equation \3.1^) and \\r]v,tv\\v,p < e(&u)- Furthermore, 

\\'nv,tA\v,p < c{b.o){t + \v\p). 



Proof: This corollary follows from Lemmas 3.18 and 3.5. 

We now put ^^^tv = Pv'r]v,tu and Uv,tu = exp„ 6.v,tu- Replacing Uy in b{v) by Uv,tu, we obtain a new 
bubble map that will be called btu{v). If T is regular (and thus t = 0), we will write m„ and 6(f) 
for -u^^o and 6o(^)i respectively. We can assume that the functions 8, e and C of Corollary |3.19| are 
(Gt X Aut(T))-invariant. For T regular, we have thus constructed a gluing map 

^(p:F(o)Ts^M^r), v-^b{v). 

Since this map is (G7- x Aut(T)) -invariant, as can be seen from the construction, induces a 
map on the quotient 

^r-FTs^M(j). (3.15) 
By the smooth dependence of solutions of (|3.12D , the restrictions 
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are smooth. However, continuity of 77- on all of FTs is not immediate. In the next section, we 
show the map 77- is a homeomorphism onto a neighborhood of ^A'T in SA(^q-y If T is semiregular 
and i>0, we have constructed a map 

which again is (Gr x Aut(T)) -invariant and thus descends to a map 

{e-\-t,t)/Gr) ^C'^^,,M){^;V). 
The map u^^ lies in A4s,ti/,A* if and only if equation ( p. 13 ) is satisfied, i.e. 

since r]i,^ti/ satisfies equation (|3.12|). 



7r,tu ■■ F% 



(3.16) 



(3.17) 



3.7 An Implicit Function Theorem 

In this subsection, we prove a refined version of the Implicit Function Theorem. It will be used 



in the rest of this section to modify the gluing maps of Subsection 3^ for the spaces M.t{h), 
Ur{^j), etc. 

Let 5 be a smooth oriented manifold, and and F oriented Riemannian vector bundles 

over S. We denote by 6, (6, n), (6, o"), and (6, v) general elements of 5, MS, J\f^, and F, respectively. 
If Q is any subset of F and 5 > 0, let 

n{5) = {{b,n,v)eMS ®F: {b,v)en; \n\,\v\<5}. 

Let U be an open neighborhood of S in MS © M'^ © F and h : U — > M.^ a smooth map such that 

h{b,n,a,v) = h{b,n,a,0), h\S = 0, and d{h: M^ — > M")(b,o) : A/^'' — > M'' 

is an orientation-preserving isomorphism for all b£S. Let U he a subset of U such that U is the 
fiber product along S of an open neighborhood of S in MS © M^ and an open subset 17 of F. 
Suppose 6s >0, Cs C°°(5;M^), and /if : U — > M'^ is a family of smooth functions with t G [0, 6s] 
such that 



{b,n,a-,v) ' 



da da 



{b,n,(7,v) 



<Cib){\v\p +t) yte{0,6s), ib,n,a,v)eU, 



where ^ denotes the differential of h along the fibers of M^. 
Lemma 3.20 Let B he an open hall about OeM^. If f : B — 



is a smooth function and 



k\DfU-Df\o\ < UDfl, 



-11-1 



yz£B, 



then f is injective on B. 
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Proof: Let fi denote the ith component of /. By the Mean Value Theorem, for all x,y€B, there 
exists Zi{x,y)£B such that 

\fi{x) - fi{y)\ = 
Adding up these equations over all i, we obtain 

i=k i=k 

^ \fi[x) - fi{y)\ > ^ |i^/i|o|k - y| - ^sup - Df\o\\x - y\ 
i=i i=i 

> (\{Df\o)-'\-' - fcsup \DfU - Df\o\)\x - y\. 



Lemma 3.21 For every precompact subset K of S, there exists e>0 such that for all t G (0, e) and 

{b,n,v)^Vt{e)\K , the map 

{{b,a)£N^: \a\ < e} — > ht{b,n,a,v) 

is defined and infective, and its differential defines an orientation-preserving isomorphism between 
andM}'. 

Proof: The map above is defined as long as 

{{b,n,a,v)£MS ®Nl^ ® F: b£K,{b,n,v)(^Vt{e),\a\ <e] CU. 

Since K is precompact, existence of (5 > such that the last inclusion holds is trivial. The other 
two statements follow from the third property of h and the second property of ht (see above); 
Lemma 3.2C is needed to prove the injectivity. Note that the variation of over K can be 
bounded from the variation |^ and the second property of hf 

Lemma 3.22 For every precompact subset K of S and e > sufficiently small, there exists 5 > 
such that for all t & {0, 6) and {b,n,v) £Q,{6)\K , the image of the map 

{{b,a)eJ\f'^ : \a\ < e} — > ht{b,n,a,v) 

contains G M'^. 

Proof: We assume e > does not exceed the number provided by Lemma [3.21 . Then by precom- 



pactness of K and the proof of Lemma 3.21 



1 



(3.18) 



e = min{|/i(6, n, cr, u)| : (6, n, f ) e Oe|-fC, {b,a)£Af^, \a\ = -e} > 0. 

Since for each (b,n,v) £ Q{€)\K, the image of the map 

{{b,a)£Af'': \a\ < e} — > h{b,n,a,v) 

contains a neighborhood of in R'^ and ht is continuous, the claim follows from the first property 
of ht along with equation (3.18). 
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Corollary 3.23 For every precompact open subset K of S, there exist 5, C > with the following 
property. For all tG (0,5), there exists a smooth section 

where vr : Q{5)\K — > K is the bundle projection map, such that 

n{d)\K — > ht^{0), {b,n,v) — > {b,n, ipt{b,n,v),v) , 

is an orientation-preserving diffeomorphism. Furthermore, 

\iptib,n,v)\ < C{\v\p +t+\n\) y{b,n,v)en{d)\K. 

Finally, if G is a group that acts on the space S and bundles MS, M^, and F, and preserves h, 
ht, and K , then ipt is G-equivarent. 

Proof: With e as provided by Lemma 3.2l| , let 5 > be as provided by Lemma |3.22| . Then 

Ft : {{b,n,a,v): {b,n,v)£il.{6)\K,\a\ < e} — > il.{6) x R'', Ft{b,n,a,v) = [b,n,v,ht{b,n,v)) 

is a diffeomorphism onto an open subset W of the target space. The inverse of F^ must have 
the form 

Ff^{b,n,v,d) = {b,n,cl)t{b,n,v,d),v) 
for some smooth function (pf By Lemma |3.22| , {Q(6)\K) x {0} C W. Thus, 

ipteT{n{6)\K;7T*Ar''), ^t{b,n,v) = Mb,n,v,0), 

is a well-defined section, and by definition of (j)t, 

n{6)\K — > K^{0), {b,n,v) — > {b,n,ipt{b,n,v),v), 

is a diff'eomorphism. It is orientation-preserving by Lemma ^.21 . The estimate on (ft follows from 
the three properties of h, the first property of ht, and the proof of Lemma 3.20| . The final statement 
of the lemma is clear, since our construction commutes with the G-action. 

3.8 The Orientation of M.Y.,tu,\*{^j) and the Gluing Map 

At this point, our treatments of regular and semiregular cases diverge. In this subsection, we 
assume that T= (S, [N],I] is a semiregular bubble type and /i is an A^-tuple of constraints 
in general position as defined below. We recall how each element of M.T,,tu,\*{lJ') is assigned a 
sign and then specialize to the elements btu{v) G -A^s,ti/,A* (/t^)- We conclude this subsection with 
Theorem 3.29| that describes the elements of M.Y,,tu,x*{lj) lying near the space M.r{lj)- 

Definition 3.24 (1) Section ueT^'^{T. x y;A°;]7r*T*S ® tt^TT/) is X*-regular if for all iG(0,l) 
and M.Y,,tv,\* , operator Dy^u- ^(u) — > T^'^{u) is surjective. 

(2) If V is \* -regular, tuple /i of oriented submanifolds ofV is u -regular if for all ts(0, 1), 

^«ofe)^ = ^"^ ^^"[A^lL + '^H{yi)l^i V 6 = (S,[Af],{6};,(0,y),UQ)G7Ws,tj.,A*(/^), 

ie[N] i&[N] 

where dev[N\\^- ker Dv,^;^ © Tyj: — > ^«6fe)^' devi\^^{i,W[N\) = Hvi) + du^^yi'^i- 

i(i[N] ie[N] 
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(3) If T is a {V, J)-semiregular bubble type, tuple // of oriented submanifolds ofV is T-regular if 

'^u,^(yi)V = Im deviN]\^ + T^j^iyOl^i V b={T., [N],r,x, {j,y),u) eHrif^); 

lelN] ie[N] 

where dev[N]\f,- K.bT — > T^^^(y,)V, devi\^{^j,Wj^^j^^) = (,j^{yi) + duj^\^wi. 

ie[N] 

(4) If T is a {V, J)-semiregular bubble type, S C Adj- is a smooth submanifold, and S C Ai^^ is 
the preimage of S under the quotient projection map, tuple fi of oriented submanifolds of V is 
S -regular if 

T^^^^y^)V = dev[N]\,{}CbT nns) + r,^^(yow V bGS{^l) = snMP{^^). 

lelN] i£lN] 

Note that all four definitions above are independent of the choice of metrics on V. Throughout 
this subsection, we assume that u is A*-regular, T is semiregular, and /i is v- and T-regular. 

The space J^-£^tu,x* consists of the maps u: S — >V such that du\z=tiy{z,u{z)) for all zGS. Thus, 
the tangent space at u can be described as 

TuMj:,t.,X' = {^Gr{J:-u*TV): Dv,uC-tL,,u^ = O}, 
where L^^uS, is defined by 

The operator Dy^u — tLy^u is independent of the choice of the connection along M.Y..tv.x* and by 
assumption has no cokernel if t G (0, 1). An orientation on ^AY.,tv,\* is determined by an orientation 
of the bundle J^^^TMT.,tu,\* over M-^, ,tu,\* 1 which is the determinant line bundle of the elliptic 
operator Dy^u — tL^^u. Since L^^u has order zero, the operator Dy^u — tL^^u is homotopic through 
elliptic operators to the operator Dy^u- Thus, A^^TA^s,t;/,A* is homotopic to 

det(L'y,„) = (A^°^(ker Dy,^)) (A^°^(coker L»y,„)); 



see [LM|. Since Dy^u commutes with J, keic Dy^^ and coker Dy^^ are both complex vector spaces 
and thus have natural orientations, which induce an orientation on the determinant line bundle 
of Dy^u and via a homotopy of operators on the determinant bundle of Dy^u — tL^^u- It follows 
that M-B^tu,\* X is naturally oriented. If is a zz-regular tuple of submanifold of V of total 
codimension 

codim ^, = dim 7Ws,tz.,A* x = ind Dy^u + 2\N\ = 2[{ci{V, J), A*) + (dim V){l - g{T.)) + \N\ 

the differential of the map 

ev[;v]:>lE,t.,A. xS^^ J{V (S, [iV], {6}; , (6, y), ng) ^ (^^(yz)),^^^,, 

1&[N] 

i.e. dev[7v] as defined in (2) of Definition [3.24 , induces an isomorphism between TM.Y,,tv,\* © TS^ 
and the normal bundle of ^ in at each point of A^s,ti/,A* (m)- Here we identify the A^-tuple /i 
with the submanifold 



39 



Since the normal bundle of ^ is oriented, the evaluation map also induces an orientation on 
TM.Y,,tv,\* ffi TS^ along M.'£,,tv,\*{p)- Each element h G ■M.T.,tv,\*{^J') is assigned a plus sign or 
is positively oriented if the two orientations agree, and a minus sign otherwise. 

For any f SF^^^T such that is defined, let L^^^: r(tt„) — >T^'^{u^) be given by 
Denote by T^i\{v) the image of r+(t;) under the map D^ — tL^^^. 

Lemma 3.25 For any compact subset K of there exist (5, C > such that for all v ^F'^^^T^\K 

and t £ (0, 6), 

(1) m\v,p,i < C\\D^i - tL,,A,P for allCGF+iv); 

(2) LP{v)=t1^^{v)®T''i\v); 

(3) if D^^ andL^^i are the {—,—)- components of and L^^v with respect to the decompositions 
Ll{v) = T+{v) e r_(t>) and LP{v) = T^tX^v) T^l^{v), then 

7r„,_ : ker [D^ - tL,^^ : LP{v)-^LP{v)} ker {D",- - tL"", : r_(t;) -^r'^;^(i;)} 

is an orientation-preserving isomorphism, provided one of the two operators is surjective. 

Proof: (1) The first claim is immediate from (1) of Lemma |3.16 and (2) of Lemma |3.5| . The second 
is obtained by the same argument as in the proof of (3) of Lemma p. 16 . 



(2) By construction, 7r„__ is an isomorphism of the two kernels of the lemma. In particular, 
Dy — tL^^y is surjective if and only if D~'j~ — tL~~^ is. Define 

^r-- L''^{v)(Br^_l\v) ^ LP{v) and ^r--r.{v)(BT^_l\v)^r°_l\v) by 
^r{C,ri) = D^C + TtL^^^C + ri and ^r{^,ri) = t{D-^ + tL--^)^ + rj. 

The first map is surjective for all r G [0, 1] by (2) of the lemma, while the surjectivity of the second 
map is immediate from the definition. Furthermore, the maps 

(pr-^ev^r — yT-{v), 4)r{i,r]) = TTv-i, and ^/^^iker^'r — >T-{v), tpT{^,rj) = ^ 
are isomorphisms such that 

V'rVilC.O) = 7r„ if 0i(^,r/) = V'i(^',??'), = V; V'o Vo-/ = -''V'o Vo- 
lt follows that TTy^- is an orientation-preserving map between the two kernels of the lemma. 

If is a precompact open subset of Aij- and 5>0 is such that btu{v) is defined for all vGF'^Tg\K 
and ts(0, (5), let M{K,6) and M.iy[K,5) denote the images of F^Ts\K under the maps 7r and 
7T,ij/, respectively. Both maps are continuous and injective; see Subsection 4.2. The smooth 
structure of FT induces smooth structures on J^{K, 5) and Aitu{K, (5), with the tangent bundles 
described by 



ie[N] 



lelN] 
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where T^FT denotes T^F^T; see Subsection p. 4 It is easy to see that uj — > C,'^ is nearly complex 



linear and tt^^- is almost the identity on the first component of rb(„)A^(K, (5); both error terms 



are bounded by CxI'L'I- Furthermore, by (1) of Lemma 3^ and Corollary ^J, w — ^^so nearly 
computes with the complex structures and n;,^^^^^^7r„^_n^^^^ is almost the identity on the first 

component of T^^^^f^^-^M.tv{K,5)] in the given case, the error terms are bounded by Ci^(t + |i;|p). 

Thus, the orientations of M{K,5) and Mtu{K,5) induced by the natural orientation of FT agree 
with the orientations induced from the natural orientation on T^{v) © @ Ty^(^y-^T, via the maps 

1&[N] 

TTjj - ® id and 7r„ -117"'^, © id, respectively. 



By construction in Subsection p.6| , 

determines a section of the bundle Iir'^;^ over A4i^[K,6), given by 

Note that the zero set of this section is precisely the space {M-T,^tu,x x H A4tu{K,S)- A 
linearization of this section is given by 

where vr^'J __ : LP(i;) = T^^^{v) © r^^^{v) — > T^J:^{v) is the projection map. 

Corollary 3.26 For any compact subset K of there exists 6 > such that for all tG 

the orientation of (A4s,ti/,A x 5]^) n M.tu{K,6) as the zero set of the section iptu agrees with its 

natural orientation. 

Proof: Suppose bt,^{v) G (A4£,ti/,A* x H A4tu{K, S)- Since we can use any connection in u* t^TV 
to define the natural orientation on Tfi^ j,^7W£,ti/,A* , we can write 

Thus, by Lemma |3.25| , vr^^- o H^^^ ^ © id induces an orientation-preserving isomorphism between 

Tj^ {•w)-^s,ti/,A* ffi and ker(L'~J~ — L~~^) © Tj^^(„)S with their natural orientations. 

' ' ie[N] ' ' ' ie[N] 

By the preceding paragraph, the same is true for the zero set of iptu- 

If /i is an A^-tuple of constraints as above, let 

M{K,6;fi) = {b{v)eM{K,5): ev[^](6(i;)) G/.}, 
Mtu{K,6;fi) = {bt^{v)eMtu{K,6): ev[^](6t^(i;)) G^}. 

Then M{K, 6; /i) and AituiK, ^) are smooth manifolds. In fact, the smoothness of A^(i^, 6; fi) is 
immediate from the smoothness of FT\Ai'x{fi), which is a consequence of T-regularity of /i, while 
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the smoothness of A4tu{K, 6; ^) fohows from Lemma 3.28| below. Furthermore, since ^ is z^-regular, 
the section %l)tv is transversal to zero in Iirj over Mtv{K,5]^). By Corollary |]2|, the sign of 
btviy) €7Ws,ti/,A* (/^) defined at the beginning of this subsection is its sign as an element of the zero 
set of the section 'ij^tv of Iir'^"'^ over M.tu{K, S; fi). 

If b= (S, [N],I; X, (j, y), u) eMf{ii), let 

Denote by Mj^T the (L^, 6)-orthogonal complement of /C^T in JC^T. Note that by (3) of Defini- 
tion |3^ , 

lelN] l€[N] 

We denote by M^^T the bundle over (//) with fibers Mj^T and by M^T — > -Mrilj) its quotient 
by the natural G7— action. 

Suppose 5 C TWr is a smooth oriented submanifold such that ^ is 5-regular . Denote by 5 C A4^^ the 
preimage of S under the quotient projection map. Let NS — >S and NS — >S be the normal bun- 
dles. Choose a (G7-xAut(T))-equivarent orientation-preserving identification (f)s '■ MSs — > A4^^ of 
neighborhoods of 5 in MS and . Let $5 : vr^^F^T — >F(°)T be a (GrxAut(T))-equivarent 
vector-bundle isomorphism covering (pg such that is the identity on S. Let 

(ps ■■ MSs — > Mt and ■■ ■^Ifs^'^ — ' 
be the maps induced by 4>s and ^5, respectively. Put 

Since /i is 5-regular, we can choose a (G7-xAut(T))-equivarent orientation-preserving identification 
4>''s: M^'Ts\S[^i) — >S. Let 

be a X Aut(T))-equivarent splitting-preserving vector-bundle isomorphism covering (f)'^ such 
that is the identity on S{fj,). Denote by 

0g : M''Ts\S{^i) S and $g : ir^^r {^S © FT) MS e FT 

the maps induced by (p^ and respectively. 



Definition 3.27 With notation as above and in Subsection 3.4, tuple {^Si^s) is a regularization 
of S{fi) if for all b£S{^), fi£MbSs(^b)> ^'^'^ ^^■^b'^S{b)) there exists ^("^i ^^^^^(fe ^)'^ such that 
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Note that if // is 5-regular, S{^) admits a normalization. In fact, we can start with any choice 
of <I>5 and <I>^ I vrJ^p^AAiS as in the preceding paragraph, and then choose <I>^|7rj^^^FT so that the 
triple satisfies the requirements of the definition. In applications of Theorem 3.29 in [Z2|, the exact 
choice of does not matter, but that of $5 does play a role. 



For the purposes of Theorem 3.29 , we assume that $5 and <I>^ also encode the lifts of 4>s and cf>g 



to the bundles T^^f^^^-^ — and irJ^^^F"^^ — respectively. Put 

f(0)cS =MS® F^^^T, = { (6, n, Vj) G f'-'^S : Vj G F^'^^T} ; 

FS=MSeFr, F'^S = {[b,n,Vj]£F^^'^S: [b,Vj]£F^r}. 

Lemma 3.28 For any {Gt^ AutiF)^ -invariant precompact open subset K ofiS{fi), there exist an 

open neighborhood Uk of K in J\A^^ and 5, C > with the following property. If t £ {0,6), there 
exists a smooth (Gq-x Aut{T))-equivarent section 

such that \\^s,tvi'")\\b^,co < C{t+ \v\p) for all v£F^^'iSs\K and 

F%\K ^MtAUK,S;fi), [b,n,vj] ^ jr,tu{^s{^'^v'"s,tu{b^^,vi))), 
is an orientation-preserving diffeomorphism. 

Proof: Since is a regular value of ev[^] \S and K is precompact, there exists 5 > such that the map 
{(6,n,v,cj)eF(°)5©AA^T|i^: \n\,\\(y\\b^c'^ <6] — > F^T, {b,n,v,a) — > ^s^{b,a;n,v), 

is a G7--equivarent orientation-preserving diffeomorphism onto its image. Thus, if 5 > is suffi- 
ciently small, there exists C>0 such that, with notation as in Definition |337| , 



-.0,1 



C ^\\a — a'Wh^QO < \\'cu{n,a) — w{fi,a')\\^ < C\\a — a'Wi^^QO V 6G5(/i), fieMbSs, a,a'eJ\fl^T. 



Then by Corollary 4.11 and definition of S'^^ in Subsection 3.4, 

dv {4>smb, a; n),^r,tu{^s^si^, cr; n, v))) - dy {^s^ib, a'; n),jT,tu {^s^b, a'; n, v)) ) 
<C{t + \v\p)\\a -a'Wh^co Vte(0,(^), beS{fi), neMbSs, a,a' dNl^T ^vi^F^^'^Ts. 

On a neighborhood of ev[^](6) G ^, we can identify the normal bundle of /i in (7y-isometrically 
with the trivial hermitian bundle of the same rank. Let vr denote the projection onto the fiber. 
Since /i is 5-regular, 

\\'y-(j'\\b,c^ < C|7rev[^](05l>g(6,a;n))-7rev[jv]((A5^5(&,fT';n))| ^b(^S{^l), n€MbSs, a,a'GM^r. 
Thus, we can apply Corollary |3.23 to 

h = IT o ev[7v] ° 4>s ° ^5 and ht = ir o ev[^] o ^'r,tu ° ° ^s- 
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We obtain 5, e > and for each tE{0,6) a section ip'^ with the claimed bound such that the map 

{b,n,v) — > {b,n,v,ip'^^^^{b,n,v)) 

is an orientation-preserving diffeomorphism. Since 

{[b,n,v,a]: [b,n,v]<^ F'^Ss, < 4 — > Mtu{UK,S), 

[b, n, a, v] — > ^T,tu {^s {^si'^, n\ v)) ) , 

is orientation-preserving by the discussion above and our assumptions on 05, the claim follows. 
Above 

Theorem 3.29 Su^ose X* e H2iV;Z), T = (S, [N],I;j,X) is a {V, J)-semiregular bubble type, 
with X] Ai = A* and cokemel bundle T^J_^ — > Mr, and (f _,r^^, R) is an obstruction bundle setup. 

Let S C Mt be a smooth oriented submanifold, 

z/Gr°'^(E X 1/; A°;j7rsT*E ® TTyTF) 

a X* -regular section, fi a v-, T -, and S -regular N -tuple of submanifolds ofV of total codimension 

codim jjL = 2{{ci{V, J), A*) + (dim V){l - g{S)) + |A^|), 

and (<I>5, is regularization of S{^). Then for every precompact open subset K of S{p), there 
exist a neighborhood Uk of K in C'^^«.^^(S; ji) and (5, e, C>0 with the following property. For every 
iG(0,e), there exist a section 

^%^^^eV{F^Ss\K-'K*psJ^>^T), with |Kt.(^^)||,^,co<^(* + l^l^)' 

and a sign-preserving bijection between A^s,ti/,A* (a*) ^ Uk and the zero set of the section ip'^ 
defined by 

for some i^v,tj Vv,ti' ^^^'^ {uy) and ^y^tu&i'+iv), dependent smoothly on v, such that 

\\iyv,t - 4v,2 ^ C!{t + Uv,t.\l^p^, < C{t + \v\-p), \\fiy,t.\l^^ < C{t + \v\'p)\ 

Furthermore, if zET, and {Bi,^{uy{z),CS), J, gy^b^,) is isometric to a ball in C", then rjy^tv^z) = 0. 
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Remark: In specific applications, the main goal would be to express the number of zeros of V'g in 
terms of the cohomology ring of a closure of S't{^). One of the significant intermediate steps is to 
extract the leading-order terms from the section it's tu- '^o"'-*' estimate on u^^t given above 



easily leads to a sufficiently good estimate on TT^\vy^t\ see and |Z2]. In such a case, one can also 
extract the first-order term from vr^'^Sut,, which suffices for the computation in A power-series 
expansion for vr^'^Su^ is given in [Z2|, where terms of up to third degree are used. With the choice 
of metrics in [Z2|, the term ir^^.fjy^tv vanishes. The remaining term is shown to be secondary for a 
good choice of the obstruction bundle setup. 



Proof: Let (5, e > be as in Lemma 3.28| and its proof. We take ^p^ to be the section descen- 
dent from the Gr-equivarent section (pg Denote by U'^ the open set Uk of Lemma |3.28| . By 



Corollary 4.22, there exists a neighborhood Uk of K in C^^,.^^($]; /u) such that M.T.,tu,\*{p) H Uk 



is contained in MtuiU'j^, 5; fi). The neighborhood Uk can always be chosen to contain all the zeros 
of the section ipti, of the bundle IIT'^^ over Mj^^tu,X' H Uk- By Corollary 3.26 , M-j:^ti/,\* (/^) H Uk 
is precisely the oriented zero set of the section iptu- Since the map 

F^Ss\K^MtuiU'K,S;fi), y ^ jrA'^s'^si^sM)) ^ 



is an orientation-preserving diffeomorphism by Lemma 3.2^ , it induces a sign-preserving bijection 
between the zero set of iptu on M.tu{U'j^, 6; fi), and the zero set of the section 

By equation ( ^.17 ), under the canonical identification 



(7T,t.7^')*nr' 



-.0,1 



-.0,1 



M{U'k,S), 



the section {'^r,tvlr^)*'4'tu corresponds to the section ^/^jj^ given by 



0,1 I 



0,1 



(3.19) 



The second equality above is automatic, since ipti^ (b{v)'^ G r^'^(z;); the third follows from the 
definition of N^^tu in Subsection 3^. The bounds on the terms rjv,tu, ^vPvVv,tu also follow 

from Subsection 3.6. By definition of F*^'^ in Subsection and equation ( 3.19| ), under the canonical 
identification 



the section ^q-iptu corresponds to the section ipT^tu^ described in the statement of the theorem. 
The next proposition describes a special case of the above theorem. It is obtained by fixing a 



-.0,1 



metric g' on E and going through the construction analogous to that in Subsection 3.6 and then 
modification for constraints as above. The sign statement below follows from the fact that the 
(L^, 51, 5fV')-projection he.v{Dy^ui,—TtLy^Uf,) — ^kerL'v'.Mj, is an isomorphism for all tG [0,1], t suffi- 
ciently small, and hG A^s,ti/,A*(/^) sufficiently close to K. 
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Proposition 3.30 Suppose X*£H2{V;Z), T = (S, [iV], {6}; 6, A*) is a {V, J) -regular bubble type, 

z/er°'^(s X y;A°;]7r|;r*so7rfry) 

is any section, and is a T -regular N -tuple of submanifolds of V of total codimension 

codim fi = 2{{ci{V, J), A*) + (dim V){l - g{S)) + \N\) . 

Then is a discrete set and for every finite subset K of S{fi), there exist a neighborhood 

Uk of K in C^,.^-^(T,] fi) , e > 0, and for each tG(0,e) a sign-preserving bisection between K and 
M 

3.9 Gluing Maps for Spaces h{^\fi) and Orientations 

We now return to spaces the case T = {S, M, /; j, A) is a regular bubble type. Our primary interest 
is in the case S = S'^, so we assume that this is the case. However, most of the analysis in this 
subsection applies to any regular bubble type T. Let // be a generic M-tuple of submanifolds 
in V, as defined below. If /= |J 1,^ is the decomposition of / into rooted trees and {7^} are the 

corresponding simple types derived from T, the product gluing map, 

may not map the total space of the bundle over L{!^\fj,) into U^^-^{^). In this subsection, we remedy 

this deficiency of the product gluing map. We also show that all the spaces U^^^ and U{r) (m) are 
naturally oriented topological orbifolds and the gluing maps defined below preserve orientations. 

Definition 3.31 If T is a {V, J)-regular bubble type, tuple fi of oriented submanifolds of V is 
T -regular if 

®'^uj^{yi)y = dev[N]\^ + ^T^^^^y^)fii V 6 = iS'^,M,I;x,{j,y),u)eBr{n); 
where dev^^^]^: ICbT — ^07;^,(yO^' devi\^{ii,wi_^^^^ = ij^{yi) + duj^\^wu 

Let T, 7fc, K, and b be as above. Denote by b^ = [S"^ , Mf^, Ij^; x\Ik, {j,y)\Mk,u\Ik) the corre- 
sponding Tfc-bubble map; see Subsection 2^. Let Mj^T be the (L^, 6)-orthogonal complement of 

^b'^ = {(.twj^j^j)e)CbT: (,jj{yi) + dujj\yjWieT^^^(^y^)i2i V/GMn M} C )CbT 
in JCh^Tj.. Denote hy M^T — yBrifJ-) andM^T — >u!^\iJ,) the corresponding vector bundles. Let 

Afi'Br = M^r e (C © M.f BriiA , M^'uP = H^r © (C © M)^ Uf ifi) ; 
Fio)T = F ^Br, FT = FT, . 

keK k£K 
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The last two vector bundles carry norms induced from the norms on F(0)rfc, while we define norms 
on the first two by 

1(6,0-, (c,r))| = WaWh^co + \ic,r)\, 
if aeJVl^T C ICb^Tk and (c, r) G (C M)^'. If 5 is sufficiently small, define 

k<^K 



k(^K keK 



where h!^^ is as at the end of Subsection |3.2| and {ck,rjS)- denotes the action of a neighborhood of 

OgCxM = CxMx{0}cCxMxM 



described in Subsection 3J. Since (/>^ is (Gr x Aut(T))-equivarent, it descends to a G^-equivarent 
map 

Let TTj^^i^^FT — >FT be a G^-equivarent vector-bundle map covering the map cpj- such that 
is the identity over Denote by the lift of to AA^Sr,5- Let ^>^_^ and be 

A;th components of <I>^ and respectively. 

Lemma 3.32 With notation as above, there exist (^Gq-xAutCT)^ -invariant functions 5,C £ C°°{B'T{ii);] 
and a (^Gq-x Aut(T)^-equivarent section 

such that < C{by)\v\p and 

FTs -^UP^{^,), V {lrA^''r,k^r{v))),^K, 

is a homeomorphism onto an open neighborhood ofL{!^\fi) inU^^^{^). Furthermore, the restriction 
of this map to F^T^ is an orientation-preserving difjeomorphism onto an open subset ofU^!^^{fj,). 

Proof: Denote by A/V/^ the normal bundle of 

XTif^) = {xK£V^^.Xk,=Xk,yh,k2GK} X Y[ fii C X V^^""^ . 

Let AfrfJ- = ■N'tP- © (C © M)^. Since the Gr-action does not change any evaluation maps and the 
constraints are in general position, the differential of the map 

"^TM- n ^rl ^ V^"^ X y^^"^^ X (C X M)^, 

keK 



*r,M = ( (evrfe(&fc))fcei^; {^^i{b))i^MnM, {^j-^ ^ {bk))keK ) , 
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where ^^-^ (5^) G C x M is as in Subsection induces an isomorphism between Mj^Bq- and A/V/U- 
This isomorphism is orientation-preserving by definition of orientations. Thus, 



is an orientation-preserving diffeomorphism onto an open neig hborhood of Br{l^) in Jl -^r^ 

provided 5 ^C°°{B't{^);K^) is sufficiently small. By the same argument as in Subsection for 
any simple bubble type T', the map 

7r' : F^Tl M^T') = W(r') 

is an orientation-preserving diffeomorphism onto an open subset of A^^^-/^ provided 5 &C°°{M'ti\M^) 
is sufficiently small. Along with Corollary [4.23|, this implies that the product map 



n n ^'^M — n ■^(^.> 

keK k&K k&K 

is a homeomorphism onto an open neighborhood of Y\ -^T^ in EI -^(7ft> ^"^^ restriction to 

k&K k&K 

the preimage of Y\ -M^t^) is an orientation-preserving diffeomorphism. The lemma now follows 

k&K 

by applying an argument similar to the proof of Lemma 3.28 to the functions 

where we write v = [a, (c, r),v), with {a, (c, r)) G AA^^r and v G F^^^T. Since Bq-ip-) is generally 

not precompact in fl ■^r^i we end up with 5, C G C°°(i3r(Ai); K^), instead of 5,CgIR+. An- 
fceii" * 

other difference is that h is not necessarily smooth with respect to the standard smooth structure 
on AfBr® F^'^^T. However, we can put a smooth structure on the total space such that the 
composite maps 

Aff'Br^s ® f'^^^T — ^F^°^r — .M, v — y^i^{v),Vh — > \vh\^ , helk, keK, 



are smooth, whenever 5 G C°°{BT{fJ')',^'^) is sufficiently small. Then by Corollary 4.5, h is C^, 
which is sufficient for the arguments of Subsection |3.7| . Finally, in the given case h is defined on 
all of (M^Bt^F^^^T^ ^ and thus the second condition on ht in Subsection 3/7 is redundant. 



Suppose T is a bubble type and fj, is an M-tuple of constraints in general position. By Lemma |3.32| , 

an 



there exist G^-- invariant functions (5, Cg C°°(Z//^^ (/i); M^) and a G^-equivarent section 



such that < C{b^)\v\p and 
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is a homeomorphism onto a neighborhood oiUj- (fi) in lAj^^^^iyji), which is an orientation-preserving 
difFeomorphism on a dense open subset of the domain. If T' is another regular bubble type such 
that (T) = {T') and /i is T'-regular, it follows that 

is a homeomorphism provided 5' G C°°(Z//-^,'*(^); is sufficiently small. Furthermore, by the 
above it is orientation-preserving on a dense open subset of its domain. It follows that 7^~^7^/ is 
an orientation-preserving homeomorphism everywhere. We thus obtain 

Theorem 3.33 Let T* = (S^ , M, I*; j, X*) be a basic bubble type and fi an M-tuple of constraints 
such that /u is T -regular for every bubble type T < T* . 

(1) The spaces U^} (^) and Ur* (m) are oriented topological orbifolds. 

(2) Suppose T <T*, 0^ : N^'T-^ — > is a GT-*-equivarent identification of neighborhoods of 
U^r\l^) inN^'T and inUf^ , and : n^^^^FT — > FT is a lift of such that ^i^\U^\fj.) = l. 
Then there exist Gq-* -invariant functions 6,C £ C°° {l^q-^ (^) ; IR^) and a Gq-* -equivarent continuous 
orientation-preserving identification 

r^-.FTs^Up.ili), 

of neighborhoods ofU^\^) in FT and inU'^}{p), which is smooth on F'^Tg — >Ur*{lj)- Further- 
more, for every v€zFTs, there exists a{v) ^N^T such that 

\\a{v)\\i,* <G{b*)\v\v and = expv^^„^,„g_^^^_^^^^^ where = [6', u'], 

, 1 
for some i^^^yuy ° Q'^t^ialv))) ^^^^^ UvWc'O < G{b^)\v\p. 



Remark: The descriptive statement (2) of Theorem 3.33 is used in [Z2] for local excess-intersection 
type of computations on the spaces Ur*{p)- 



4 Technical Issues 

4.1 Continuity of the Gluing Map 

Let T = (S", M, /; j, A) be a simple regular bubble type and H a nonempty subset of /. Suppose 
Vk G F^'^^Tg and the sequence Vk converges to v* G F^^^Tg. In this section, we show that ^r{vk) 
converges to 7r(^*) in the Gromov topology. Our main interest is the case S = S"^. 



It is sufficient to assume that iThiuk) =T^h{v*) if h^H. In particular, h = 6„* = Denote by 
T = T{H) the bubble type of b{v*). For each k, define 

Vk = {b{v*),{vk)H)eF^'ll^f 

as follows. If h£H, put 

inh = min{i < h: \i h' el k, i < h' < h, h' ^H] . 
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Since / is a rooted inh is well-defined. Let 

Vk,h = JJ Vk,h'- 
iHh<h'<h 

Since — >v*, Vk^h — *0 for all h£H. Furthermore, by construction S^,^ = T.^^, and qvk=Qv*°Qvk- 
In particular, n^^. = n„* o^^^ . 

For any h&H and 6 > 0, let 

Ah,S,k = qZl {{{^h,z):n,h{z) < 5} U {{h,z):\qs^{z)\ < (5}) C 

Als = Qv' {{{ih,z):nMz) <6}U {ih,z): \qs\z)\ < 6}) C , = |J 

he// 

It is convenient to make the following definitions. If r]k €zLP(vk), the sequence {rjk} converges to 
■q* ^LP{v*) if q^^ *r}k converges to r]* in the L^-norm on all precompact open subsets of S*. and 

5l™oJ™Jl^fcll".,i^(AM,.) =0 yheH. (4.1) 

If £ L^{vk), the sequence {^fc} converges to ^* G L^{v*) if ^fc o g^r^^ converges to ^* in the Lj'-norm 
on all precompact open subsets of S*, and 

lim lim llalL .p., ^=0 V/iGF. (4.2) 
In (U) and (U), we use the modified Sobolev norms. 

Lemma 4.1 There exist C, 5 € C°° (A^g-^ ; IK"*^) such that for any sequence {v^ G F^^'^Ts} converging 
to V* as above and ^ £T^{v*) 

hvk-{^°Qvk)L^,p^i < C{b)\vk - v*\U\\y*,p,i. 

Proof: Note that T-{vk) = {C~ ° q-Vf, '■ C~ Gr(f*)}. Thus, the difference gl^7r„*^_ — 7r„j.^_gl^ arises 
entirely from the difference between the metrics q%^9v* and g^^,. By construction, the two metrics 



differ only on the annuli A i for h^H . Thus, the claim follows from (2) of Lemma 3.5 



Lemma 4.2 If r]k converges to rj* , then Pv^Vk converges to Py*r]* . 
Proof: (1) Let {efc},{(5fc} C M+ be sequences converging to zero such that 

h1L.,LP(A*,,^) < ^k-, \\Pv*V*V,L'liAl,^) < ^k, ^^}^JVkL,,LviA,,s,,^k) < ^ (^.3) 

For every k* > 0, choose Nk* such that for all k > N^* 

lk^.'*%-^1L%LP(E| ) ^^fc* \\'^k\lk,LP(A,,s,.,,)<'^k' yh£H. (4.4) 



1 



It can be assumed that 2\vk — v*\2 < (^fc* ; efc* whenever k > Nk*. For any k > N^* , let fik*,k £ LP{v*) 
be given by 



Qvl*flk, onS^^j 
0, outside of S 



5fe* ' 
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Then 



^ ,k\\v* ,p < ll^lkfe,?- Let 



Pk*,k'nk = q*v,^Pv*fik',k e L\{vk). 



Then by Lemma 3.16 and the first assumptions of ([4.3|) and 



Qi,^* Pk' ,kr]k - Pyf]* 



Since ||(70 < C{b), by (4.3) and the first assumption of (0) for all h£H, 

ll^fc*,fc%L„L?(A,,,^,,,) ^ ^-(6) \\Pv'Vk*,kV^Lr^Al ) 



<C7(6) IIP^.T? 



(2) We now show that Pk*,kVk is close to Py^rjk- By Lemmas 3.16 and 4.1 
- PvMl„p,i ^ C{b){^\D^,P, 



■k*,kVk - mll^^p + \\'^v„-Pk',km\l^^p^i 



< C{b)( \\Dy^Pk*^kVk - %L^,p + Wk - v*\\\'ik\\vk,p 



Since D^*P.u*fjk* ^k = Vk*,k and gis^. is holomorphic outside of the annuli ^/i,^,,^, 

DvkPk*,kr]k = Ilk on T.y^ - |J A,^.,^; 



he// 



By equation (| 



\Dv,Pk',kVkl„LnA,. ,,,) ^ ^(^)II^'=*.'=^^L„L?(A,,..,,,) ^ 



(4.5) 



(4.6) 



(4.7) 



Thus, from equations (|4.7|)-( p^ and the second assumption of ( |4.4D , we conclude that 

k > Nk* 



\\Pk*,kVk - -Pffc%L,,p,i < C(&)efe* (1 + 
Since \\dq^^\\co < C{b) on , by equations (U), (Uj), and (p^) , 

By equations ( [4.11| ) and ( |4.12 ), Pvf,r]k converges to Pv*r]*. 

Lemma 4.3 There exist C,6eC'^{MP;R'^) such that for aUv*eF^^^Ts and heH, 



(4.8) 

(4.9) 
for all 

(4.10) 

(4.11) 
(4.12) 



Pt;*(9nt;* ^ rliA* ^ — C(by*). 
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Proof: For each h £ H, this lemma is obtained by pasting (-Pw*i9ut,*)|(^h,5(f,*^) H E„*^t,J and 
{Pv*duy*)\{Afi^S(^i,*^-^ n onto Sfe^, and S;,^, via a cutoff function. We then use the usual 

elliptic estimates and Sobolev inequalities on S^^, and S^^, along with 

The bound obtained in this way is actually C{bv*)\v*\p . 

Corollary 4.4 There exist C, (5g C°°(A^^^; M^) such that for any sequence GF^^'^Ts converging 
to V* gF^^^Ts as above, 

Ik^,'*^". -^-*IL*,LP(S' )<C{b)\vk-V*\p- 



Proof: Let 6k = 2\vk — v*\2 and = {2\\P'\\(jo + C{b))\vk — v*\p , where C is the function given by 
Lemma |4.3l Put 



^(0) 
(0) 



-du 



Vt^'^ = -du^k - N.,P.,vt^ m>0. 



By Lemma and the explicit description of dq^^. in Lemma \2.2[ e^, 6k, rj^^K and t]^^^ satisfy 
and ( [4. 41) . Suppose e^™^ is such that e^™'^ 6k, ri^'^\ and t?^'"^ satisfy (O) and (4^). Since the map 
qi,^ is holomorphic on q'^^j Ti*^^) , by (|4.1lD , ( [4.12 ), the estimates in the proof of Lemma 3.18 and 
the derivation of equation ( 3.11 ) in ||Zl[| , 



-1* j 



\N ,fr^*P ri*-™^ - /V * P .T7(™)|l 



<c{b){w*p.A 



{™) II I II n {™) i 



<C'(6)(, 



+ \vk\ne 

Am) 



\v*,lp{j:',^) 

{m)_ 

fc* ' 



D*,LP{S|^)7 ll'iwfc 



< C"( 



Thus, we can take e^™ =e^ +C"(6)(e^T +|ffc|'')e^, . This sequence is bounded as long as 1^^!^ 
is sufficiently small (depending only on b). Since T]y* is the limit in the (r;*,p)-norm of the sequence 
r/^"^) and rjyj^ is the limit in the (t;fc,p)-norm of the sequence r]k^\ the claim follows. 



Corollary 4.5 IfT is a simple regular bubble type, there exist 6,C G C°^{Ai'T',^ ) such that for 
any sequence {vk G F^T^} converging to v* E F^Ts, j{vk) converges to ^(v*) with respect to the 
Gromov topology. Furthermore, 

dv{ev{^{v*)),ev{^{vk))) < C{by*)\vk - v*\p if S = S^; 
dv{evi{j{v*)),evi{^{vk))) < C{by*) \vk - v*\p yi£M; 
^(r>,6(7(^fc)) - ^TK),6(7(^^*)) < CM \vk-v*\T^ if S = S\ 
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Proof: It is sufficient to consider the case tt/i (vk) = TThiv*) for all h^H if v* G F^^^Ts. In such 
a case, maps the marked points of S^^. to the marked points of S„* and u^j^ = Uy* o q^^ . By 
construction, 

By CoroUary 4.5 and the proof of Lemma 4.2, 

■| —1 II - 

\%^*Pv^'nvk -Pv*r]v*\\^,, jPiy^, ^ < C{hv*)\vk-v*\p] (4.13) 

\P, 



\^vXma , .<CM\vk-v*\"^ yheH. (4.14) 

Let <^fc £r(S*; tt„.) be given by 

expft^. Cfc = °Qvk, 1 1 Cfc 1 1 CO < inj gv,b^* ■ 
By equation ( [4. 131 ) and the proof of (2) of Lemma |3.5| , 

iiaibo(E* < c(6„.)iiaL*,L?(E* < - (4.15) 

On the other hand, by ( 4.14| ) and by the same argument as in (3) of the proof of Lemma 5.12, the 
variations of Pv*r]v* on 2|w .-«*|i/2 ^VkVvk on A*^^. _„.|i/2 ^ are bounded C{bv)\vk 



V \p . 



This can be seen from equation ( ^.33 ); observe that an argument similar to the proof Lemma 

shows that we can take 6 to be any small number bigger than 2\vk — v*\2. Equation (|4.15| ) and 

the small variation on the annuli imply that 

, , 1 

sup dv{uv*{qvk{z)),Uv^:{z)) < C{by*)\vk - v*\p . 

It follows that 7r(^fc) converges to ^riv*) in the Gromov topology. The estimate on the evalu- 
ation maps is immediate from the above bound. The last estimate follows from equations ( 4.13| ) 

and ( 4.14D , along with a Sobolev estimate on a neighborhood of 00 G S^, q which implies that the 

1 

C -norm of Ck there is bounded by C{bv*)\vk — v*\p . 
4.2 Injectivity of the Gluing Map 

The goal of this subsection is to prove that the gluing maps of ( |3.15| ) and ( |3.16| ) are injective, 
as long as (5 G C°°(A^^'*;M"'") is sufficiently small. We start by showing local injectivity on the 
subspaces F^Tg of FTs, where is a subset of I. 

If T is regular, we are only interested in the case t = 0. If T is semiregular, we only consider the 
case = 0. We use the same notation as in Subsection 3.4. If ||ci7||^, is sufficiently small, define 



Lemma 4.6 There exist 6,C G C°°{mP;R-^) such that for all v G F'^^'^Ts, where H = $ if T is 
semiregular, and w^T^F^T^i^i^^-^, 

(1) \\S^N^,tuRu.i-NyMh,p<C{by)\\wU\i\\l^p^^ withW^^W^^p^i < 6{by) and tG [0,1]; 

(2) \\S^TT^^±R^C - TTv,±C\\y^p^i - C{bv)\\w\\^\\^\\^^p^i for all^GT{u^); 

(3) ||5^P^i?^77-P,r/|| < C{b^)\\w\U\r]\\v,p for all ieV'^^^u^). 
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Proof: Claim (1) follows from (2) of Lemma p.6| and Riemannian geometry estimates such as in |Z1]. 
Claim (2) is a consequence of (5) of Lemma f3.6| and (2) of Definition 3.11. Finally, (3) is obtained 
from (1), (2), Definitions 3.11| and 3.13, and Lemmas and 3.16 as follows. Writing A^P for 

Szj-Pzu-^zu -Pv^ etc., 



\ S-^P-^Rtjj 



D 0,1 A -0,1 

Pv'^v,+ A^'^-,+ 
0,1 



PvTiI'\A^D + (P^vr^'iA, - 1) A^vr. 

,0,1 A n , / n _0,1 



0,1 



-p^I\^tt'!;IS^%^J-,r 



Pi;7r„'_,_ A^Z) + (yP^-n'.Dy — 1^ A^ii^^j^S^P^R^ 



Corollary 4.7 There exist 5, C G C~(7W5'^; M+) such that for a// t G [0; veF^^^Ts, where 

H = %ifTis semiregular, and w ^T^F^T^ip^-^, 

C(6„)"^||tz7||„ < ||Cro,ti.||t,,p,i + ^ \wh{'w)\g^ + ^ \wi{w)\g^ < C{bi,)\\w\\y. 

heH l£M 

II II / -\ 

Furthermore, \\S^C^^tu - Cv,tu\\^^p^i < C(6„)(t + p) ||ti7||„. 

Proof: The first claim of the lemma is immediate from the second and (1) of Lemma On the 
other hand, by construction in Subsection 3.f:, 



^■w,tv — tP^V P-wdu-^j P-w-^-w,tv^vj, 



tu- 



Thus, if t and 1^1 are sufficiently small (depending on the second claim follows from Lem- 
mas |3]^, [4.6| , Corollary ^.19| , and equation ( ^.llD . 

Corollary 4.8 If T is a simple bubble type and K is an open subset of Aiq- with compact closure, 
there exists 6 > such that for any t£ [0,6], the map 

^r,tu:FHs\K C^,,L){S; V), ^r,tu{^) = huiv), 

is a differentiable embedding. 

Proof: We first deduce from Corollary that jT,tL' is injective if 5 is sufficiently small. Suppose 
not, i.e. there exist sequences Vk,Vk' (zF^Ts\K such that 

Vk — >b£K, v'k — >b'£K, and btuivk) = btu{v'k)- 

It follows that b = b', after possibly modifying the sequence {v^'} by actions of Gq-. If for some 
k, v'f^ = Vk{'^k) with ||t<7A;||t;j. sufficiently small, then by Corollary 4^, = u^. Otherwise, the 
difference between g^^. and is uniformly bounded below outside of the preimage of the zeroth 
component and the necks A^^^^. Thus, the bubble maps b{vk) and b{v'^) are far apart unless b has 
an automorphism. In the latter case, v'^ can be replaced by an equivalent element of F^T^. In the 
former case, Uy^. and cannot be the same because 

II II I \ \-\ I - II II I \ I \ -\ - 

\\Pvi,r]v^,tv\\co < C{t+ \vk\^) <C 5v and ||P„^?/„^,t,.||^o < C[t + \vfj\v)5v . 

Thus 7T,ti/ is injective on F^Ts\K provided 5 is sufficiently small (depending on K). The smoothness 
of ^r,ti> follows from the smooth dependence of solutions of equation ( |3.12[ ) on the parameters. 
Finally, the differential ol 'y-r tv is nondegenerate by Corollary 4.7. 
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Corollary 4.9 If T is regular, there exists 6£C°° {Mq-;'\S.~^) such that for all m, the map 

\H\=m \H\=m 

is injective. 



Proof: The same argument as in the proof of Corollary [4.8| shows that map 

7r : F^Ts — > 'Hr{H) 

is an embedding if 5 is sufficiently small. It remains to see that {v) 7^ (7-7^'' {v') for any g E G'X[h) 
whenever [f] 7^ [t;'] . For each vGF^^^Tg and iGH, we construct (cj(u), rj(u)) G C xM such that 

{c{v),r{v))-jP{v)€MP^^y 

We define Ci{v) gC and ri{v) gM by 

§((q(i;),0) -u^,,) + dh{r{H)){xh{v) + c,{v)) + ^ {yi{v) + c,{v)) = 0; 

M'(3)((c,(t;),r,(t;))-i2„,i)+ ^ d;,(T(/7))/3((l + r,(i;))|x;,(t;) + 

+ 5; /?((! + r-,(t;))|yz(t;) + c.(t;)|)=i. 

i!('j)=« 

Since the metric g^^i for i > agrees with the standard metric on S'^ on a neighborhood of the 
south pole and '^T,i{bv) = 0, by Corollary 4/? for any w ^T^F^T with ||n7||„ sufficiently small, 

\ci{m) - Ci{v)\ < C{bv)\v\p\\m\\v, \ri{w) - ri{v)\ < C{bv)\v\p\\m\\ij. (4.16) 
Let b{v) = {c{v),r{v)) ■ b{v). Write 

b{v) = {S,M,H U {6};x{v),{j{v),y),u^). 
If ||ro||^, is sufficiently small, define Ct^^gT^u^) by 

expb^^ii^ C^ = u^, ||Ct:a||fe„,co < inj gv,b^- 
Similarly, for h£H and l£M, define gT^^ and 7D/(tz7) gT^^E^ by 

eWg,,xh{v)Wh{^) = Xh{w), \wh{w)\ = \ivh{^)\g^ < mj{gv,Xh{v)); 
^^"Pgr^yiiv) ^K^) = mi^), = \wi{w)\g^ < iniig^ , yi{v)) . 

Then by equation ( 4.16| ) and Corollary 



Y,\M^)\<Cib.)\M,. (4.17) 
/iG// leM 
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It follows that the map 



M 



(0) 



biv), 



is a local embedding. By the same argument as in the proof of Lemma 4^, we can conclude 
that this map is injective as long as 5 G C°°(A^^^;M+) is sufficiently small. Since this map is 
G'r(_ff)-equivarent by construction, it follows that the induced map on the quotient, i.e. the map 
of Corollary |4.9|, is injective. 



Corollary 4.10 If S = S^, there exists 6£C°° {Mr; 

7r : FTs\Mr — 
is injective. Furthermore, the restriction 

^r:F^rs\Mr- 

is a differentiable embedding. 



M 



such that the map 



(r) 



M 



In order to adjust the gluing procedure in the presence of constraints, below we state the analogue 
of Corollary ^ for melCb^T dT^F^T . It is obtained in the same way as Corollary |4.7| , except the 
analogue of Lemma 4^ would make use of Lemma |3.8| , instead of Lemma 3^, and of (2b), instead 



of (2a), of Definitions 3.11 and 3.13. We also use (3) of Lemma 3.5 



Corollary 4.11 There exist 6,C e C°°{mP;R+) such that for all t G [0; 5{by)], v G F^T^, and 

C{by)-^\\w\\ < ||C„ + \Wl{w)\g^ < C{b 



Furthermore, p^jC, 



1 . 



v,tu 



< C{by){t + \v\p) 



w 



4.3 The Basic Gluing Map and the Space of Balanced Maps 



Our next goal is to show that the gluing map of Subsection 3.6 is surjective in the appropriate sense. 
More precisely, if T is a regular bubble type, we show that the image of 77- contains a neighborhood 
of Aij- in Mi^T)- If ^ is a semiregular, we show that all elements in Ai^^tu,x* that are close to any 
given compact subset of A4t are in the image of the gluing map jT,tu if t is sufficiently small. The 
major difficulty in doing this is the following. If vG FT, a small change in the singular points of by 
may lead to a very large change in the map n„. This is precisely the reason we used the norm 
on TyF^T instead of just ||n7|| in Subsection |3.4| . In order to deal with this issue, we need Corol- 
lary [4.13 , which is proved in this subsection. We continue to assume that T is a simple bubble type. 



Recall that Tix is the set of tuples b= (^S, M, F, x, {j,y),u^ such that Ui,^{xh) = Uh{co) for all /iGl 
and dui = for all i G /. Furthermore, M.^^ is the subset of TIt consisting of the tuples b such that 
^T,h{b) = for all /iG/. It is convenient to make the following definitions. If is a subset of / 
and e>0, let 

^r} = {b={S,M, /; X, {j, y),u): dui = Vi G /; dy Jx,,), n;,(oo)) < e V/i G /; 

\^r,hib)\<^^hei-H}. 
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Lemma 4.12 There exist 5,C ^ C°°(A^!^^; M"^) with the following property. Suppose 6*gA^^\ 
e < 6{b*), b^jW)^l is such that d{b*,b) < S{b*), and v = {b,Vj)^F^^''T^(j^*y Then there exist 

b G TW^Ja and v = {b,Vj) e F^^^T 

such that 

(1) d{b,b) < C{b*)e and \vh - Vh\b < C{b*)e\vh\b for all hel; 

(2) if qv{z) G Sr,i; \i'b,h {(lv{z)) \ > 2|i;/j| 2 for all h^I — H such that ih = i and \q^^ {<lv{z)) \ > 2|f j| 2 
if i £ I — H, then dh {qv{z), Qviz)) < d{b*)e. 

Proof: (1) Let b = (5, M, I; x, (j, y),u) . If 5 is sufficiently small, by Proposition 3.3, we can choose 
^iGr(nj) such that ||Ci||g6,i,ci < C{b*)e and 

b' ={S,MJ;x,{j,y),u') eHr, 

where = exp„. ^j. The C -bound on and the assumption 6g7W^ ^ imply that |^r,h(&')l ^ C'{b*)e 
for all hei-H. 

(2) We now define 6' = (S*, M, /; x', (j, y'),u') G "Hr and i;' = (6', Uj) as follows. Suppose i* G / and 

for all i£l with i>i*, h^I with Lh = i, and IgM with ji=i, we have constructed 

(i) (ci,ri)GCxM such that |(Q,rj)| < C(6*)e; 

(ii) x'^,y;'GSr,i such that |rb,,,(5'J| < C{b*)e and |</.j^,i/;'| < C{b*)e; 

(iii) v^^gC such that \v'f^ - Vh\ < C{b*)e\vh\; 

(iv) if XiGS*^, Xi^S"^, such that |rfc^j(xj)| < C(6*)e|fj|; 

(v) if XiGS'^, -UjGC such that |vi — Vi\ < C{b*)e\vi\, 
such that 

(11) ifi^H, ^rAi') = where u[ = {ci,r,) ■ u'-, 

(12) if Er,t, = 5'^, zGSr.t,, and ^ fl^fel^ foi^ some hGl-H, then 



where qi^{xi,Vi)-, etc., are the maps defined in Section |2.2|. 

Note that while we have not defined b' completely yet, (II) is still a well-defined statement. The 
function ^'t.i depends only the ith bubble component of 6', which has already been constructed 
by the induction assumptions. 

If i* gH, we take q* =0 and r^* =0. U i* £l—H, let (cj* , r^*) G C xM be given by 
^ {{ci*,0)u'i*) + dh{r){xh + Ci*)+ (yi + ci*) =0; 

i-h=i* jl=i* 

^(3) ((c,.,r,*)«:.) + J2 4(T)/3((l + r,.)|Sh + Q*|) + Yl PiC^ + r^')\yl + ^^*\) = ^- 

i-h=i* jl=i* 



If e is sufficiently small, by the proof of Lemma 3.3 such (cj*,rj*) G C x M exists and satisfies 
|ci*|) ^ C(6*)e. For all h€l with i/^ = z* and IgM with = i* , put 

= (1 + (^/i + Ci*) > = (1 + y/ = (1 + ?■*•) (y/ + cj*) ; 

Xi* = Xi* - Ci*Vi, Vi* = (1 + ri*y^Vi if Xi* eS"^. 
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Continuing in this way, for all i S I, h€ I with th = i, and I G M with ji = i, we obtain elements 
(i)-(v) satisfying (II), (12). Let u'^ = n'-. UIgM and ji = 0, take = yi. 

(3) If S = S'^, let (f/j, -u^) = (x/i, u/i) if t/i = 0, 6 = 5', and v = v' . By the inductive construction, 6 and 
V satisfy the requirements of the lemma. In fact, 6g A4^q . If S' = S, we could extend the above 
construction to the principal component S as we did for 3 = 3"^ if qiji were defined using the metric 
g^Q on S, which may differ slightly from gj^, g. This problem is fixed in below. 

(4) If / G Af and ji = 0, we take yi = yi as before. For all /i G / with = 0, let Xh G S, 5/j G T^^S, 
and Qh-.B _i(0;C) — >C be such that 

(SqI) db ixh,Xh) < C{b*)e\vh\, \\vh\i - \vh\b\ < C{b*)e\vh\b; 
(Eq2) foran^GBb(x/„2|t;;,||), 

Vh Vh \ Vh y ) 

(SqS) Oh is holomorphic, 6^(0) = 0, e'^(O) = 0, and WQ'hWco ^ C{b*)\v\^e. 

Note that even though we have not defined b completely yet, (Sgl) and (Sg2) are still well-defined 
statements, since the metric g^^^ on T, depends only on the singular points {x/j : t/i = 0} on S. 



Existence of such Xh, Vh, and 0^ follows from Corollary 5.5, provided 6 is sufficiently small. 



If z.j = 6 and ji = i, let {i,yi) = qv,i%\{i,yi)- The map qi,^i is well-defined even though v has not 
been defined completely yet. By (Sq^), 

yi = qv,iqy,Hyi) = ~ = [^ + n){cr + yi + Qi{yi)]. (4.18) 

Since y[ = (1 + n) {yi + q), \yi - y[\ < C{b*)\v\''e by (SgS). 

Suppose /i G /, ih^I, and for every i G / with i < /i and j GM with ji = i, we have defined 



x» G Sr,.,, m G Sr,i, i)^ G i J'^^' °' q G C, 6, : B i (0; C) C 

[C, if > 0; 2|t),|j^ 

such that 

(SI) /4, < C(6*)|i;|2e if a > and < C(b*)\v\\; 

{J:2) \\v,\f^-\v^\b\<C{b*)e\v,\b; 

(53) Iq-qI <C{b*)\v\\; 

1 

(54) for all zGS such that Vb^iqv^niz) < 2\vi\'^ , 

h,ii^M^ , ^r~ , 4'b,iqv,HZ ^ f(f)b,iqvM^ 

= n+ri)ici^ ■ ■ h @i — — ■ — 

Vi ' ' L Vi \ Vi 

(55) Qi is holomorphic, 6^(0) = 0, 9^(0) = 0, and ||ef H^o < C{b*)\v\'^e. 

lihGH, we take xu = x'^, Vh = v'f^ = 0, yi = y[ if ji = h, Ch = Ch = 0, and ^hiz) =0. Uh^H, let 



(ih,5/i) = qv,i.hqvLih,xh). 
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By an argument similar to ( 4.1^ ), from (S4) we obtain 

Xh={l + n,J{c,,+Xh + e,,{xh)}. (4.19) 

Since x'^ = (1 + ri^^){xh + Ci,J, ( |4.19D , (S3), and (S5) imply the first part of (SI) with i = h. 
Furthermore, by assumption (S4), 



, h^v,in (^) = 9i3/h \Z) -Xh = -z Xh 



d 



z=Xh Vh 
&Lh {VhZ + Xh) - VhzQ[^ {Xh) - ©t,, {Xh) 



(4.20) 



Since is holomorphic, and 

Xh = (Pb,hqv,i-hiz) + ChVh, 

we can rewrite ( [4.2C1| ) as 

h,h1v,^hi^) = {l + n^){l + ah)Vh\ch + + ©/i( ]\, (4.21) 

where the complex numbers ah,Ch&C and the holomorphic function ■ — ^ ^ 
given by 



('h = _ , {l + ah)ch = Ch+ ^' (4.22) 



(1 + ah)vh 

By (g]2|), G/,(0) = and <d'^{Q) = 0. By our assumptions on 9,^ and (|422D,(^), 

\ah\ < C(6*)|t;|2e|x,J < C {h*)\v\'' e; (4.24) 

\ch - Ch\ < C{b*) {e\ah\ + \vh\-'\v\h\chVh\) < C'{b*)\v\'e, (4.25) 

||e';:|L„ < C{b*)\vh\-'\v\'e\vh\' < C'{b*)\v\h. (4.26) 



Ic" 

We now take 

Vh = (1+ ah) v'h = {1 + ah) (1 + r,J (1 + Vh)^-^ Vh- 

It follows from ( |4.24 )-( p:.26D that the induction hypotheses (S2)-(S5) with i = h are satisfied. If 
ji = h, let ih,yi) = q-jj^hq^ hi^^yi)- ^y the same argument as in the case th = 6 above, ($]3)-(S5) of 
the i = ih case imply that the second part of (SI) with i = h is satisfied. Continuing in this way, 
we obtain tuples 

b = {T.,M,r,x,{j,y),u'), c = Cj, v=(b,Vf), 

satisfying (S1)-(S5). Since b'eM^Q, by (SI) beM^^J if 5 is sufficiently small. Finally, (S1)-(S5) 
along with (II) and (12) show that b and v satisfy the two requirements of the lemma. 
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Corollary 4.13 If T is a simple bubble type, there exist 5,C £ C°°(7W^^;M^) with the fol- 
lowing property. Suppose b* G M-^\ e < 6{b*), b G -M^j is such that d{b*,b) < 6{b*), and 
v= {b,Vj) T^(j^*y Then there exist b G A^^-q ^.''^d v = {b,Vj) G F- T such that 

(1) d{b~b) < C{b*)e and \vh - Vh\ < C{b*)e\vh\ for all hel; 

(2) if qv{z) G Sr^j, \i'b,h {Qv{z)) \ > 3|fft| 2 for all h^I — H such that ih = i and \q^'^ {Qv{z)) | > 3|fi| 2 
ifi^I—H, then di)[qv{z),qy{z)) < e. 



Proof: li S = S^, the tuples b and v constructed in the first half of the proof of Lemma 4.12 satisfy 
the requirements of the corollary. In fact, db {qviz),qv{z)) = if z is as in (2) above. If = S, let 

he\I]-H 



If C{b*)6{b*) is sufficiently small, by repeated applications of Lemma 4.12, we can replace the tuples 
b and v hj b' £ A^^j and v' = (b', v'-) G F^^^T such that 

(1) d{b,b') < C'{b*)e and - Vh\ < C'{b*)e\vh\b for all /iG/; 

(2) if qv{z) G Sr^j, \ri)^h {qv{z)) \ >\\vh\'^ for all h^I — H such that ih = i and \q^^ {q.o{z)) \ > 2 
if i£i-H, then db {qviz),qv{z)) < 26{b)e. 

Applying the construction of the first half of the proof of Lemma 4.12 to the tuples b' and v' , we 
obtain tuples 6gA^^^ and v = (b,Vf)(^F^^^T such that 

d{b', b) < C{b*)e and \vh - v'h\ < C{b*)e\v'j^\y V/i G /. 
Then if z is as in the requirement (2) of the corollary, 



1 2 



dy{q^^{z),q^{z))<C{b*)e(^ W W^S) <e 

hei-H 

if 6 is sufficiently small. Thus, the tuples b and v satisfy both requirements of the corollary. 

4.4 Gromov Convergence and the L^-norm of the Differential 

Let bk = [S, M, /; x, {j, yk),Uk) be a sequence of smooth maps converging to 

b* = {S,M,r;x*,if,y*),u*)GMP, 

with respect to the Gromov topology such that duj^(^ = tkV with t^ — >0 and duk fi = if h£l. We 
assume that T* is a simple bubble type. In the next subsection, it is proved that bk lies in the 
image of the gluing map jT,tf,u for some k. In this subsection, we show the differentials of duk^i 
satisfy a certain condition which holds for all bubble maps in the image of ^T,tku- 

By definition of convergence, for all k sufficiently we can choose 

(a) curves Ck = {S, M, I*; x'^, {j* ,y*)) with lim x'^ ^ — > for all h(^I*, and 

k — ►oo ' 

(b) vectors {vk)j,£F^^J with W\vk\g, < rc^gb, 

such that lim \vk\ = 0, C{vk) = (S, M, /; x^, {jk,y{vk))) , and 

k >oo 

lim sup dv{ub*{qvt,{z)),Ub^{z)) =Q, lim qvkUk,l,yk,l) = U! ,yl) ^l^M, 
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where Vk = (Ck, {vk)ft) and gb denotes the standard metric on T,Ck if = 5 . Let 

Let g^i, be the metric on S^,^ = ^Hfc defined as in Section |3.3| , using the metric g^^Q on S if S' = S. 

For any element in the image ^T,tu that lies near b* , the modified (L^, 5t;j.)-norm of du^ is bounded 
above by a constant dependent only on b*. Furthermore, as v — > and the size of the necks is 
reduced, the modified (L^, (5r„)-norm of duy on such necks tends to zero. The modified (L^, g„)-norm 
is bounded above by the usual (L^^, g„)-norm times some constant dependent only on b*. In this 
subsection, we show that the (L^^, (7„j.)-norm of du^^ is uniformly bounded and tends to zero on 
the "necks." Instead of using our usual cutoff function /3, we will use the family of cutoff functions 
provided by the following lemma. The proof can be found in [MS, pl66]. The statement below is 



somewhat sharper than in | |MS[ |, but the proof in |MS] suffices. 

Lemma 4.14 For every e > 0, there exists a smooth function [5^ : M — > [0, 1] such that 



\~P',{r)\^rdrde < 8e, and /3,(r) 



1, ifr>l; 
0, ifr<e-^l\ 



Similarly to the above, given r > 0, we denote by (i^^r the cutoff function defined by (i^^r ) = /3e 2 1) . 

We now define nearly holomorphic maps /^^j € C°°(Scj.^j; 1/). In order to simplify computations, 
we fix a finite family of J-invariant metrics on V such that for some fixed e > and for every 
q^V there exists a metric gy^q in this family such that (^Bg^^{q,e), J,gv,q) is isomorphic to a ball 
in C". Since V is compact and the family of metrics is finite, all estimates below that depend on a 
particular metric gv,q will involve bounds dependent only on V. We denote by expg the exponential 
map of (the Levi-Civita connection of) the metric gv,q and the giy^g-geodesic about q or radius e 
by Bq{e). U5>0 and he I* -I, let 



Kk(^^ = : rfc,,(4,z) < S}, 

BH,ki^) = {ih,z)e^C,,h:\qs'{z)\<6}. 



(4.27) 



Choose a sequence G converging to zero. Let r^ = (2 \\du*\\b* c'^^ ^k- By taking a 
subsequence if necessary, it can be assumed that 

2p 1 

\tk\<ek, dv{ub*{qvk{z)),Ub^{z)) < ek, rb* ^h{i*h-.x'k,h) < ^'k, e'k\vk^h\l* < rk- (4.28) 
Let qh = u*hioo) and 

^tk = Bh,k{\^k,h\b*) -B^,k{^'^Kh\i 
By (PI), UbJq-^'{B^^,{e^\vk,h\lfjCBg^iC{b*)ek). Thus, we can define 4":^ ^ C-(iJ,; T,,^) by 
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provided k is sufficiently large (depending on b*). Let € Tg^^ V be given by 



Area(iL^^; •'^rh 



(4.30) 



where the area and the integral are computed using the metric gb*,L* on Tib*,L* and gb*,h on Sfe*,/!- 
Define/fc,,GC7~(Sb.,i;y) by 



exp, 



Qh,Qh 



, [QvI {hz)), otherwise. 



Let Cfc^jer('u*) be given by 

expb.,„. C'k,i = fk,i, \\C'k,i\\b*,co < inj gv,b*- 

Lemma 4.15 There exists C > such that for all k sufficiently large and i£l* , 

Ki\\b*,co < Cek, \\dh,i\L*..,2p < Cef{\\dfk,i\L*..,2p + l)- 
Proof: The first statement is clear from ( [4.28| ) and the construction of fk,i above. Suppose 2;SEfe*^j. 
z^Bl^{\vk,h\i) for ah hGl*-! and z^B-f^{\vk/l) i^i^I*-!, then 

\dfk,i\g^*^i,z < Cutk < CyEk- 

Suppose z^A^f, with h^I* — I. Since the metric (7P",g^ is flat near q^, 

dfk,i\, = dewq^^gj[^lh + (3,^,1^^ ^l^, {rk,hi-)) {Cth-^th)}^- 
It follows from (|432|) that 



\dfk,u.^^,.<c(\v,Mb*'m\^ _i ^ MtH-c,h\. + mkM 



(4.31) 



(4.32) 



(4.33) 



By Poincare Lemma, see Lemma ?? in |Z1| applied with r = \vh^k\b*^ and 2p instead of p, 



\vk,h\b*^ \df3, 



7 ,Mk,h ^k,h\ 



\^k,h\,,*^rk,h{-) 



l2 s/c./v, ?t 



p-i 1 



2p' 



The last two equations give 



kA 



(4.34) 
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The same estimate applies to ||f^/A;,i||^^, l^p{a~ ) i&I* — !- Here the exponent of |^ in ( [4.28 ) is 
crucial: 



\\8F~ II^P < 



/ 



_ 1 J_ _ 1 



(4.35) 



1 j_x4p-2 



Since /^^j is constant on -B^^(e |wa;,/i|5.) for h£l* — I with i"^ = i and on B^^(e |wA;,ilb.) if 
— the second claim is proved. 

Corollary 4.16 There exists C > such that for all k sufficiently large, 



\\dfk,i\\gb*,:,2p < C and \\Ck4g,*^„2p,i < Cel 



2p 



Proof: By the quadratic expansion of du*^',- as in Subsection 3.6, 



where 



Db*,u*C'kA + ^d,u*('kA — du*Ck,i' 



\\du*SUU*,.,2p<Cel''{\mMU*,.,2p + l) 



by Lemma 4.15 and 

\\^^,u*(k,i\\gb*,^,2p < C\\Ck^i\\co\\Ck,i\\gb',^,2p,l < C'efc||Cfc,j||g5*,,,2p,l, 



(4.36) 



(4.37) 



(4.38) 



by Proposition ?? in |Z1] and Lemma 4.15 . Thus, by standard elliptic estimates for n^* and 

o-iH), 



||Cfc,j|l96.,,,2p,l < C{\\Db*,u,Ck,i\\gb*,,.,2p+ \\Ck,i\\gb*,,,2p) 

<C'ef{\\C,4,^,^^,2p^ + \\dfagb*,.,2p + l)■ 
On the other hand, since fk,i = exp^* ('f, ^, 

\\dfk,i\\gb*,^,2p ^ C{\\du*\\g^,^^^2p+ \\C'k,i\\gb*,,.,2p,i)- 
If efc is sufficiently small, the claim follows from equations ( [4.39D and (|4.40 ). 

Corollary 4.17 There exists C > such that for all k sufficiently large, h€zl* , and 5 > 0, 



(4.39) 



(4.40) 



7^- 1 , 
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Proof: If h£ I, the statement is immediate from Corollary 4. If; so we assume h€ I* — I. The 

Thus, 



metric on {B'^ ^.{5)) differs by a bounded factor from the metric q, 



\\dub_ 



(4.41) 



Since /fc,^* = exp^.^^^. Cfc,,*, by Corollary [4.16| , 



\dfi 



<C( Wdu* 



+ l|CUII,,,,^.,2p,i)<^'(^'+^^)- (4-42) 



The claim for B^^{5) follows from ( [4.41 ) and ( 4.42| ). The metric on q^^{Bj^ f^{5)) differs by a 
bounded factor from the metric which is the pullback of the metric gb*,h by the map 



qN 



<t)k,hqvk,il{z) 



Vk,h 



Thus, similarly to the above, 

The claim for B^,^{6) follows from ( ^ ) and j ^^A^ . 
4.5 Surjectivity of the Gluing Map 



(4.43) 
(4.44) 



We continue with the notation of Subsection [4.4| . In this subsection, for k sufficiently, we use 

Vk= {bk,{vk)j*) (^F^'^^Ts 



Corollary 4.13 to construct 



and Ck^'^iuv^) such that bk is very close to b in A4'^\ ||Cfe||fife,p,i is small, and ui,^ =exp^^ (^fc. We 
then look at the elements of F^'^^Tg near to find v'j^ and ef ^.(t;^) such that u^j. =exp^/_ If 
T is semiregular, we consider only the case 1 = 0; if T is regular, we assume t = 0. 

Let H = i ci*. U6>0 and iel*, put 

T.i^S = {ii,z)eT.b*^i: n*^h{i,z) < 5 \/h£i-H s.t. = i, jg^H-^)! > ^ iliel-H}. 
In addition to (|4.2S| ), we can assume that our sequence satisfies 

llCfc.ll.,*,„c^(E,.,) < ^k- (4.45) 
Let b'^. = [S,M,I*;x'j^,{j*,y*),u*). By the second assumption in ([4.28| ), 

d{b*,b',)<Cej,^b',eM^^?Ce,^ 
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since b* £M^l, where C > depends only on b*. By the last assumption of ([4. 281) , < Cek- 

Thus, if Efc > is sufficiently small, by Corollary 4.13| , there exist 



h G M^^^ and Vk = {h, {Vk)i,) G i^^^^T* 

such that 

(1) d{b,b) < Cek and \vk,h - Vk,h\ < C'ek\vk,h\b for all hGl*; 

(2) ifqy^{z)€T.T',i, \rb*,h {qvk{z))\>3\vk,h\'^ foi' /i G such that 4 = i and \q~^ {qvki^))] >^\vk,i\^ 
iii£r-H, then db{qvk{z),qv^{z)) < €k- 

It then follows from the second and third assumptions of ( [4.28D that there exist Cfc G ^(uvk), 
Wk,h^T^f,(vk)^Vk,ih foi' h£H, and 'Wk,i£Ty^(v^^)T,yi^j^ for /eM such that 

expc^ a = exp3o,,Xfe.,(«,) Wk,h = Xk,h, eWg,^,y,,iv,) Wk,l = VkX, 

llCfc||fe^coJ^^fc,h|gc^,Xfe,h(^ife)l*fc,/|go^,^/fe,^{«ft) < C^'efc- 
Lemma 4.18 There exists C > such that for all k, 

1 

l|Cfclkfc,p,i < C'efc''- 
Proo/; By ( [4.45|) , (1), and (2), ||Cfe||g„,ci < C'e^ outside of the necks 



On the other hand, Hducj. H^^^, c-o < C by Lemma 3^ and 



by Corollary |4.17 . The three estimates imply the claim. 



Suppose 1 = and thus H = %. If A: is sufficiently large and w G Ty^^F^T* is such that 2||tu||i}j. < 5{b* 
where 5 is as in Lemmas and |4.6|, let 



6fc(ro) = btu{vk{-w)) = {S,M,{b};,{b,y{w)),u^^tv) 



be the tuple defined as in Subsections |3^ and |3.6| . Let Cfc(^^) Gr(ttro,ti/) and Wk,i{^) G T^^ (j^,) 
for / G M be given by 

expcij^(^) Ck{^) = Ub^, expg,^j^j^y^_j(^)U>fc,/(ti7) = y^,,; \\Ck{-^)\W , l*fc,K^)l3c^,j/fcjM ^ ^C'efc. 

We need to find w such that vrro,-CA:(^) = and yi{w) = y^^;, or equivalently 

Sv^TTvj-C,k{-co) = and S-^Wk,i{w) = 0, (4.46) 
where S-^Wk^i{w) denotes the parallel transform of Wk^i{w) back to yiiyk) along the (/^-geodesic 

s — >expj^^(^^)su;z(tx7). 
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Lemma 4.19 There exists C > such that for all k sufficiently large and w^vj' £Ty^,F^^^T* with 
2\\w\\i,^ < 6{b*), 

smM^) = wk,h + N^^Hwk,h,^) - M-^) + N^'^H^) yheM, 

where Q-^ is as in Section 3.4 and N^^^ and N^'"') satisfy 

||iVW(Cfe,tI7)-iVW(Cfc,tI70||-^_2 ^C||Cfc|k,,2||t^-n7'||i3,; 



||iV(0)(^)_^r(0)( 
|iV(')(ro)-iV«( w 



gvi.,yi{'Uk) 



<C(\\wh^ + \\w' 



xw — w 



w — w 



\'^k 



yi£M- 



(4.47) 



9vu,yi{i'k) 



-) < C (llwlli)^^ + lltxj'lli)^^) \\w - w'Wi,,^ 'ileM. 



Proof: This lemma follows from a pointwise Riemannian geometry estimate on SroCfe(^) ~ (Cfc ~Cro) 
and the fact that all statements in Lemmas 3^ and L6 can be written in a form similar to ( [4.47D , 
e.g. for all ^ G r(?5fc) 

The latter fact can be seen from the two lemmas and the definitions of and in Subsection 

Lemma 4.20 There exist C,6e C°°(A^^],M+) such that for all v e F(^)T/ and w G T^F^^^T^* 
with \\w\\{,^ < S{b), 

Proof: It can be seen directly from the definitions that 

||Cro||«,2 < (1 + C{by) \v\) \\irv-Cvu\\v,2- 

The claim then follows from the proof of (2b) of Lemma p.l2 . 



Corollary 4.21 There exist a neighborhood U ofb*inAi^l and 5,e>Q such that for allv^F'^^^T^\U 
iet^{v) with \\i\\v,2 < S, u;/iEr2,^(„)S„,,^ with \wh\g^,Xh{v) < ^ and Wi£Ty^(^^)J:^j^ forleM with 
l^'Ifli^.s/K") ^ ^> system of equations 

n^^^Cu, - N^°\w) = Wh{vo) - N^^\w) = Wh MheH^M 

has a (unique) solution vo ^T^^F^^^T with ||ro||u < e. 



Proof: By Lemmas 3.6 and 4.20 



C '^W'^Wv < \\t^v~^\\v,2 + ^ |u'/j(n7)|g^^^^(„) + ^ \wi{w)\g^^y^(^^^ < C\\zu\\^,. 



leM 



whenever b^ lies near b*. Thus, the claim follows from ( 4.47] ) by the usual contraction-principle 
argument. 
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Corollary 4.22 LetT* = (S', M, {6}; j*, A*) he a simple bubble type. IfT* is regular, the map 

contains a neighborhood of Mq-* in Jv[(^q-,y IfT* is semiregular, H = 9, and k is sufficiently large, 
there exists v^^F^^^T^ such that bk = lr*,tky{^k)- 



Proof: The second statement is immediate from Lemmas 4.18 and 4.ig| and Corollary 4.21. If 



T* is regular, what we have shown is that the image of 7t* contains a neighborhood of Aiq-* in 
A4^7-.^UA4r*- Furthermore, there exists a sequence of neighborhoods ?7i D C/2 ^ • • • of6* \nM(j»^ 
such that Pi f/fc = {[fo*]}. If \bk\ £ Mr is a sequence of bubble maps converging to [6*] G A4r*, it 

k 

can be assumed that [6^] € C/^. By the above statement applied to T, we can choose sequences 

c M(r*)=Mi^r) 

such that for each fixed k the sequence {[fefcr]} converges to [6a:]- Since C/^ is an open neighborhood 

of it can be assumed that [6^^] £ for all r. By the above, the image of 77-*! FT* contains 

2" 

Uk'^M./q-*) if /c is sufficiently large. Thus, for all r there exists ^-^Tf such that 77-. (f^r) = \bkr]- 

2 

Let Vk G ft; be the limit of the sequence Vkr with k fixed. Then, by continuity of the map 77-* , 
see Corollary 

lr''{vk)= lim 7r*(t^fcr) = lim [6fcr] = [^fc]- 

r >oo r >oo 

Thus, the image of 77-* contains a neighborhood of Mt* in A^(t*)- 

Corollary 4.23 If T* = (S, M, I*; j* , X*) is a simple regular bubble type, the map 

IT- ■■ ft; ^Mi^T') 

is a homeomorphism onto an open neighborhood of Air* in SA{j*^ provided 5 G C°°(7V4r*; I^^) is 
sufficiently small. 



Proof: By Corollaries gj, p^ , |]2|, the map 77-* : FT^ — > M.(j*) is a continuous bijection onto 



a neighborhood of Mi* in Aii^q--y In addition, the proof of Corollary 4.22 shows that 77-* is an 
open map. 

5 Appendix 

5.1 Properties of Smooth Families of Metrics on S 

Let m be a positive integer and 

H = {x = X[^] : Xh^T.,Xh^xi if h^l] . 

Suppose {gx : xGb^} is a smooth family of metrics on S such that for any x = X[„^-^ E H the metric 
gx is flat on a neighborhood of x^ in S for all h€z [m]. If x = € H and vGTyTi, let 

= Fxf^'S, \v\x = \v\g^,y. 

h£[m] 
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li w = W[m] S let \w\ denote ^ Define x{w)£'E'^ by 

/iG[m] 

x{w) = {xi{w),... ,Xm{w)) = {expg^^^^wi,... ,expg^.^^Wm)- 



We denote by (/)x,y the map (f)g^^y and by Bx{y,d) the set Bg^{y,6) described in Subsection 1.3. If 
(5 : N — > M, let ' 

T'Rs = {{x,w): xe\i; wGT^'ii, \w\x < S{x)} . 

Lemma 5.1 There exist 5gC°°(H;]R^) and a smooth families of holomorphic maps 

{Ph,ix,w)- {z e Bx{xh,6{x))} — > S I {x,w)eTi<s}, 
such that each map Ph,{x,w) ^ idx, 9x{w))-'i'Sometry, 

d(t>x,Xh\x^(w)^^M'^hMPh,{x,w){z) =4>x,x,Sz), (5.1) 
and dg^{z,ph^(^x^^){z)) < 2\w\x M Bx[xh,5{x)) . 

In particular, both sides of (15. il) are defined. 



Proof: We choose 5 such that if w^T^^ and \w\ < 45(2;), then x{w)£'ii and the metric gx{w) is flat 
on Bx[xh,26{x)) . This choice of 6 insures that both sides of ( [S.l] ) are defined. Equation ( [5.1D is 
equivalent to 

since the metric gx is flat on Bx[xh,26{x)) . This equation defines the required map Ph,{x,w)- 
Since the metrics gx and 5^.(^0) are flat on Bx[xh,25{x)) , the maps 4>x,X h(w) Z and (/"a; (to), 2:^(10) are 
holomorphic, and thus Ph,{x,w) is holomorphic. Taking the differential of (|5.2| ), we obtain 

Since (l)x{nj),Xh{w) and </'a;,a;h(«;) are (s-^C^;), ffa;(«)))- and (c/^;, fe)-isometries, respectively, on Bx{xh, 26{x)) , 
it follows that Ph,(x,w) is a (5^;, 5a;(«,))-isometry on Bx{xh,25{x)) . By (|5?^), 

dg^{z,Ph,{x,w){z)) < \Wh\x + \ i(t>xiw),Xhiw) - 4>x,xi,iw))Ph,ix,w){z)\x ^ | W^fc U + C'(x) lui] (5(x) , (5.4) 

since the family of metrics is smooth. If C{x)6{x) < 1, the remaining claim of the lemma follows 
from (^^. 



Lemma 5.2 There exist 6,Ck & C°°{'R;R~^), where k is a positive integer, q/i G C°°(TN;5; C), and 
smooth families of maps 

{e^^h- {veTx^§ : \v\x<S{x)} ^Tx^^ I {x,w)£Ti<s} 

such that each map &w,h holomorphic, @w,h{0) = 0, 6^/^(0) = 0, IIQ^J^/ilIco ^ Ck{x)\w\, 
\cthiw)\^Co{x)\w\, and 

d(px,Xh\x^(w)d4'xiw),Xh{w)\x^{'Px{w),XhZ) = {'^ + ah{w))(j)x,XhZ + ^wfiif^x^x^z) ■ (5-5) 

for all z^Bx{xh,5{x)^ . In particular, both sides of ([5.3[ ) are defined. 
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Proof: We choose 5 such that if w £ T^^H and \w\ < 45(3;), then x{w) £ H and the metric gx{w) is 
flat on Bx[xh,46{x)) . This choice of 6 insures that both side of ( ^^ ) are defined. If w and z are 
as in the statement of the lemma, by the flatness of the metric gx(w) near Xh, C-linearity of the 
differential of the exponential map near zero, and the smoothness of the family of the metrics 

d(l)x,xh\^^(^,^-jd(j)x(w),xh{w)\x^ {4'x{w),XhZ) = (1 + ahiw)) {4>x{w),XhZ) , (5.6) 

for some ah G C'^{T'Rs',C) such that a/j(0) = 0. Note that if gx(^w) = dx, o,h{w) = 0, since the 
metric is flat on Bx[xh, \ w\)- The map 

{veTx^T.: \v\x < 26{x)} — > Tx^T., v — > (f>x(yo),Xh4>x}xh'" ~ 
is holomorphic since 4'x(w),Xh 4'x,xh ^^6, and vanishes at 0. Thus, 

4>xiw),Xh4>x}xh'" = (1 + bh{w))v + e^,,h{v), (5.7) 

for some bh{w)GC and holomorphic function @w,h such that 0^ /^(O), 0^ ^(0) = 0. Equation (|5.5|) 



follows from (|5.6| ) and (|5.7] ). Smoothness of bh and Q.^h in 'w follows from the smoothness of the 
family of the metrics. The bounds on ah and the derivatives of @u,,h follow from their smoothness 
and compactness of the fibers of 

{weTx^: \w\ < 6{x)} — > 

Lemma 5.3 There exist 5,C £ C°°(b^;M^) and smooth families of maps 

Nh-. {{x,w): xei<; {x,w)ems} — ^ 
such that \Nh{w,Wh)\x < C'(2;)|'U^||?^h| cLnd 

dcpx^Xhlx^^w) {4'x{w),Xh{w)Xh) = -Wh + Nh{w, Wh). (5.8) 



In particular, the left-hand side of (5^) is defined. 

Proof: We take 5 as in Lemma ^.2| . Then, the left-hand side of ( ^.8D is defined and 

^^^'^h\xh{w) {'t'x{w),Xh{w)Xh) 

= L^(^„) {<Px,Xh(w)Xh) + C?</'x,x J^^(^) { {4'x(w),Xh{w)Xh} - {4'x,xn{w)Xh} } (5.9) 

= -Wh + Nh{w,Wh), 

where iV(-, •) is some smooth function of both variables, that vanishes if either input is zero. Equa- 
tion (|5.8D is thus proved, while the bound on Nh is obtained from its smoothness and compactness 
of the fibers as in the proof of Lemma IsT 



Lemma 5.4 There exists 6 G C°°(H;M+) such that for any x G v G Txi^ with \v\ < S{x), 
and c = C[m]GC™ with \c\\v\ < 6{x), there exists w G with \wh\x < "^IchW^hlx such that for 

z£Bx{xhASix)^) 

d4'x,Xh\x^{w) {'Px{w),Xhiw)z) = (1 + ah{w)) {chVh + 4>x,xnZ) + Qw,h {4>x,XhZ) , (5.10) 



where ah{w) and Q^^h o.f^ o.s in Lemma \5. 4 In particular, both sides of ( 5.1C ) are defined. 
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Proof: We start by choosing 5 so that 8(52 is smaller that the function S of Lemmas 5.2 and 5.2. 
By flatness of the metric gx{w) on B(^Xh,85{x)^^ for w^^T^ii with \w\ < 6{x) 



^x{w),Xf^('w)^ ^4'x(w),Xi^{w)\x^4'x{w),Xfi^ ~l~ 4'x{w),Xf^(w)-^h 



(5.11) 



for any z £ B (^Xh, 4(5(x) 2 ) . Taking 



of both sides of ( ^.11 ) and applying Lemmas 



and |5.3| , we obtain 

d4>x,Xh\x^^^){<Px{w),Xh{w)z) = i'i^ + ah{w))(/).^^x^^z + @uj,h {(l)x,XhZ) -Wh + Nh{w,Wh). (5.12) 



Thus, we need to solve the equations 

-Wh + Nh{w, Wh) = (1 + ah{w)) ChVh- 



Let ^h{w) = Nh{w, Wh) — (1 + 0(h{w)) ChVh- If \w\ < 2\ch\\vh\, then by Lemmas and 5^ 

|^'(w)| < C(x)|c||7;| (2|c||v| + 1) < 2|c||t;|, 
|*(w) - ^'(w')l < C(x)|c||f llw - w'\ < -\w - w'\, 



(5.13) 



(5.14) 



provided 4:C{x)6{x) < 1. In such a case, ^' is a contracting operator, and thus ( 5.13| ) has a unique 
solution w^T^i^ with \w\ < 2|c||f|. The estimate \wh\ < 2\ch\\vh\ follows directly from ( 5.13| ) if 
6{x) is sufficiently small. 

Corollary 5.5 There exist 6,Ck G C°°(i^;M^), where k is a positive integer, such that for any 
x€ii, v€Txi^ with \v\ < 5{x), c = C[m] G C™ with \c\ < S{x), and r = r[„] G M™" with \r\ < ^, there 
exists xeH and uGT^N such that 

(1) Xh^Bx {xh,2\ch\\vh\) , \^-l\< Ci(x)|c||v|, \\vh\x - \vh\x\ < Ci{x) {\c\\v\ + \rh\) \vh\; 

(2) for any zGB^ {xhA^ixY^^) , 



/-I I \ f , 4'x,Xh^ . I Yx^x 

(1 + rh) |c/j H ^-2- + e^,c,r,h 



Vh ^ Vh V Vh 

where Qv,c,r,h is a holomorphic function, varying smoothly with the parameters, such that 

@v,c,r,hm = 0, e;,,,,^(o) = 0, lle^^^^^Jl^o < Ck{x)\c\\v\\vh\''-\ 



(5.15) 



Proof: Let 6 be as in Lemma |5.4| . Given v and c as in the statement of the lemma, let w^T^'i^ be 
the element provided by Lemma |5.4|. Take 



Xh = Xh{w), vh = {l + rh) ^{1 + ah{w))d(j)x],JwhVh■ 



T}le estimates in (1) are immediate from Lemma [5.4| , provided 5 is sufficiently small. The inequal- 
ities in (2) arise from the smooth dependence of w on x, v, and c in Lemma and the fact that 
w is zero if either f = or c = 0. 
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5.2 Sobolev Inequalities for the Metrics 



In this subsection, we prove (3) of Lemma |3.5| . The reason this estimate holds is that g^,) can 
be written as a union of the surfaces (J^b^^ijgy) with small disks missing and annuli that 
are uniformly equivalent to annuli in M? with the smaller radius less than half of the larger. 

Suppose T= {S, M, /; j, A) is a bubble type and 

v={b,vj) = {{S,M,I;x,{j,y),u),Vj) eF^^^Ts. 

For any h£l and put 

Kh = %i{{i^h,z)e^t.,,,:\vh\l < H^h{z) < 25r(6„)}); 
^v,i = Qv}{{ihz)&Sb^^i: n^h{z) > 6r{hv) if i/i = «; \qs^{z)\ > 6r{hv) if? > 0}^ 

Let A^^h denote A~^^ U ^1+^. 

Lemma 5.6 For any p>2, there exists CpGC°°(A^^'';IR) such that for any v&F^^'>Ts and he I, 

Proof: By construction of the metric g^, gv\A^^fi is the pullback of the metric g^^i,^ on qv,i.h{-^v,h) 
by the map Q^^ii^. Furthermore, the metric gv,Lfi on Qv^A^j^ differs from the standard metric on 
the annulus B i C by factors bounded by Cih^). Since llrfti^lL „ < Cp(by) by (1) of 



Lemma p.5| , the claim follows from Proposition ?? in 

Proposition 5.7 For any p> 2, there exists Cp G C°°{mP ; M) such that for all v G F^^^T^, 

ll^lbo < Cp{K)UK,p,i for all i G T{u^). 

Proof: (1) Note that gv\Sv,i is the pull-back of the metric gh^^i on qv,i{Sv,i) by the map q^^i. Thus, 
by Proposition ?? in pi, if ^Grc(S'„,i;<ry), 



IICIICO = lie ° <lvA\cO < Cp{\\dUv o qv,i\\gb^,^,■pM ° (lv,i\\9b^,i,P,l = CpibvM\\g^,p,l, 

since vanishes outside of Sy^i. 

(2) We now define a partition of unity subordinate to {S^^i, A^^: i£l,h£l}. Put 

"''^ 1 1, otherwise; 
1, otherwise; . 
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Note that dij^f^ is supported in It follows from the definition of that 



Thus, if ^ £T{uy) by (1) and Lemma ^ 



hel 



5.3 Elliptic Estimates for the Metrics 



This subsection contains the proof of (4) of Lemma 3^, the main elliptic estimate for the opera- 
tors and the modified Sobolev norms. This estimate does not hold for the standard Sobolev 



norms. The argument is essentially the same as in [LT], but we do include all of the details, based 



on |Z1], and state a sharper estimate. 



Let T, V, A^^fi = f^U ^4^^, and Sv,i be as in Subsection |5.2| . If ih = 0, the metric gf^^ g is flat 

on i?f,„,/i(^T(&t;) 2 ). Thus, for any hGl, we can choose conformal polar coordinates {r,9) on A^^h 
such that r{z) = n^v{qv,ihi^)) ■ Since gv\Ay^h is the pullback of the metric g^^.^^ on q^^,^^{Ay^h) by 
the map g^,^^, 

^ (1 - i^^i +7^y-ir2 + P\^.\i^)}{dr' + r'de') on i.,,. (5.16) 



Similarly, since = p^^,^ o q, 



2 I 

Pv = r -\ ^ 



on 



(5.17) 



Lemma 5.8 For all p > 1, there exists Cp€C'^{MP ;R) such that for all veF^^'>Ts and hel, 



ieT,{A^^h-ulTV) 



P-2 



Pv ' w'-^n" <Cp{K){\\D^av,p+\mv,p). 



Proof: (1) Let ei and £2 denote (25r(^w))~^ \vh\ and 25r{bv), respectively. Note that the integral 
on the left-hand side in the statement of the lemma is conformally invariant. With respect to the 
metric dr"^ + r'^dO^, 



{r,e) 



where ^ and ^ denote covariant differentiation with respect to the connection V*" and the norms 
are taken with respect to the metric gy^b on V. Thus, 



p. MV'-^P<||I?„ell',p-2 / / " {^^^J^^/drde. (5.18) 
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Since V*" J = 0, using integration by parts twice, we obtain 




Jtx 




Jei 



Jei 



2n 1-62 / / D D \ \ 




(5.19) 



{p 2) pUrl/D j^. ^ (naur,ue% Ji)]drde, 



p pv{r)\d6 



where Ur and ug denote and respectively, and TZi,^ is the curvature tensor of the 

connection V''-. Since (^C, J^C) = - {§:C, Jw^)^ by ( ^loD and (1) of Lemma U, 



Pv " {—i.J—i)drdre 



\dr' de 



< 



\p-2\ 



2p 



Pv 



2tt 



I D 



Pv{r) Jo \d9 



i,Jnd9dr 



+ C{b.,)m\lr>- 



(2) By Poincare Lemma, see Proposition ?? in for every circle with r fixed. 



(5.20) 



2tt 



n27T r\ f . /'27r . . /'27r 



+ 



27r 



27r 



27r 



(5.21) 



Since 



< 2r ^ on j4„ h, by Holder's inequality and the first part of Lemma p] 



62 p-2 



rp;(r) 



27r 




27r 



\C\^de 



2tt 



r 

_p-2 



D 

de' 



dO I rdr 



V -2 

Pv r 



dO^ 



2\ - 

2 



(5.22) 



Similarly, 



1 r<^2 p-2 

Pv " 



rp'vir) 



Pv{r) 



2-K 



r-'^\uQ\^dQ 



2-K 



\ifdQ\TdTdd <c{h^mt^. 



Combining equations (|5.2lD -( ^^ ), we obtain 



Note that 



62 p-2 / 



Pv 



P'yjr) 
Pv{r) 



2-K 



< 



2-K fe2 p-2 

Pv ' 

J£l 



D 
dO^ 



-rdrde + Cib^){m\lp+m\pah). 



(5.23) 



(5.24) 



n62 _ p-2 

1 

Pv 



dO^ 



rdrdO 



p-2 

~r I ^-2 



de^ 



+ 



D 



\dr 



de 



D 



dr 



< 



(5.25) 
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for any e > 0. Combining equations ( |5.18| ),( ^^ ), (5.24) and ( 5.25| ), we obtain 



al < ^^(1 + e)al + (C(6„) + a) {\\D,C\\l,, + UWl,, + Ulkpa,) . 



Since < 1, the claim follows by choosing e sufficiently small. 



Lemma 5.9 For all p > I, there exists CpeC'^{MP ;R) such that for all veF^^^Ts and he I, 



Proof: Choose a sequence 

So> ... > Sn+1 > such that Sq = £2, 6n+i = ei, < %^ < 
For each 1 = 1,... ,N — 1, let gi denote the metric 



p-2 i 
" 2p |V7e|2\ 2 
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^1+-^] 9v on Ai = {{r,e)£Ayy.5i+2<r<5i-i}. 



2\ -1 



^1 



Let pi = 6f + \vh\'^6i ^ and denote by Ai the annulus {(r, 9) GAy^h ■ ^i+i <r< 5i}. The pullback of 
the metric gi on Ai to the annulus (-^, x 5^ C by the map {r,9) — > {Sir, 6) differs from 
the Eucledian metric by a conformal factor bounded by C{by), since 



+ 



/?K|(^/0}( 



2. _i 



100 - I " \vh\ + \vh\-^6y ' ') V ' 6'f 

whenever rs(|,3) and {\vh\,l)- Thus, by Proposition ?? in [Zl|, 



'Si < 200, 



or equivalently 



p-2 

2p yjbv 



Since £2^^ g [fT'^-'-] '^^^n r G [(5;4-2, (|5.27|) is equivalent to 



(5.26) 



(5.27) 



The claim follows by summing up the last inequality over all / and using (1) of Lemma 3.5. 

Remark: The above proof does not quite apply to the two outermost annuli Ai and Aj^. However, 
since ^ is compactly supported in Ay^^, the proof of Proposition ?? in |Z1] can be applied to Ai 
with A1UA2 replacing Ai to ( ^.261) , and similarly for A^- Alternatively, for the purposes of proving 
Proposition 5.11 below, it is sufficient to prove Lemma 5.£ and Corollary 5.10| for ^ that vanish on 
Al and A]\r. 
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Corollary 5.10 For allp > 1, there exists CpGC°°(A^^^;M) such that for allvGF^^'^Ts and h e I 

e G rM^^h;u*TV) =^ m\v,p,i < Cp{b^){\\DA,p + Ulkp)- 

Proof: This corollary follows immediately from Lemmas 5.10 and f>.10 . 



Proposition 5.11 For allp > I, there exists Cp G C°°(A^^'^; M) such that for allvGF^^'^Ts 

\mv,p,i < Cp(6^,)(iiD.eii«,p + m\v,p) for an e e tk). 



Proof: This proposition follows from Corollary 5.1C and Proposition ?? in |Z1[| by taking a partition 



of unity as in the proof of Proposition 5.7 



5.4 Fiber-Uniform Inverse for the Operator 

Lemma 5.12 Let {ffc} he a sequence in F^^^Ts that converges to b* G A^^"* . Suppose G ^(u^,.) 
is such that \\£,k\\vk,p,i — 1 for all k, while \\DvkCk\\vk,p — ^ as k — > oo for some p > 2. Then a 
subsequence of {^f^} -converges ^* ^T_{b*). Furthermore, \\ik\\vk,c^^ converges to ||C*ll6*,co- 

Proof: (1) Write b* = {S,M,F,x*,{j,y*),ui) and 

Vk = {bk,Vk) = {{S, M, F, Xk, {j,yk),Uk), (vk) f) . 
For each i(£l and 5 > 0, put 

Sis = {zeJ^by. rb*,hiz) > 6 yh £ I;\qs\z)\ >5ifi>0}. 
For i£l and all k sufficiently large (depending on 5), define (k,i, C'k i^'^i'^ilS* s) by 

expfe.,„.(^) Ck,iiz) = UvdQvkiz)), \\Ck,i\\b*,co < inj 5^,6*; ^b- ,(;^:,,{z)Ck,iiz) = Ckiqv^iz)). 
Since || V^*Cfc^j||ft* (70 < C for k sufficiently large, (1) of Lemma 3.5 and by Corollary ?? in |Z1], 

||Cfc,illfe*,p,l < (1 + ek)Uk\\vk,p,l + (^kUk\\vk,CO, 
\\^b,uAk,i\\b* ,p < (1 + (^k)\\Dvi^£,k\\vk,p + ^k\\S,k\\vk,CO, 

where — >0 as k — >oo. Since ||CA;|kfe,p,i < li (2) of Lemma |3]^ applied to ( ^.28 ), 



(5.28) 



||'CA:,il|fe*,p,l < (1 + h)Uk\\vk,p,l + ^k, \\Db,Ui^k,i\\b*,p < (1 + 4 ) 1 1 -0^,^^ Cfc 1 1 Wfe ,p + ^fc, 



(5.29) 



where €k — > as k — > cxd. Sobolev's embedding theorem then implies that ■ converges to a vector 
field ^* £T{ui\T,p ■) in the C'^-norm on the compact subsets of S^, ■. Furthermore, ||'?j*||fe*,c'0 < oo, 
since 

UU\b',co<(.l + ekmk\U,co<C. 
(2) We win now show that Di,, u*Ci=0 weakly, i.e. {{C*,DL u*v))b* =0 for any 7/Gr°'^(n*). We have 



m,D;',u'v))b* 



lim 



s*> 



lim lim 

6 — >Ofc — >cx 



(5.30) 
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since ■ — > ^* in the C'^-norm on Si^s- By integration by parts, 

/ {i'Ki^Dl,^^,r,),.- f (Dfe*,„.eM,r/)6. <cf WuM ^ ,cAHb' ,c^^- (5-31) 



Since ||-C»b*,„,*^fc^J|b*,p — >0 as k — >oo on 5*^ and Jl^.^c-o < C, by ( ^.301 ) and ( |5.31D , 

(3) Since D^.^u*^* = weakly on Si and Dh*^u* is an elliptic operator, it follows that 4* is smooth 
and Db'^u'Ct = 0- I* ^ih now be shown that = C^(oo) for all h£ I, i.e. = C*i &^ib*)- For 

each h£l, let A/^^^^fc C S" denote the small cylinder connecting q~^{Sl^) and q~^{S*^^). Let e>0 
be any small number. Choose small 5 > such that Uh{Bh* ^hioo,25)) and n*^(i?fc*^t* (x^, 25)) lie in 
(n^(oo), e). Then we can write 

ul,{z) = expfe*^„.^(^.) Ub-iz), \uh*{z)\ < inj gv,b*; Cfc(^) = n-/«,(^)4(^) 

for z£Bb*^h{oo,6) U Bh*^i*^{x*^pS). Similarly, put 

for z in Bh*^h{oo,6) and in Bb*^if^{x*^,6), respectively. We can also assume that 5 is so small that 
- ^h(oo)|b* and 1^*^ - do not exceed e on Bi,*^h{oo, 6) and on 5b*^,^(x^, (5), respectively. 

Choose large k* such that all k > k* 

\\C - (k\\coisis^s:^,s) - ^■ 

It can be assumed that Uk{Ah^2S,k) lies in Bf,*{u* (xl); 2e) for k > k* . Thus, we can write 

Uk{z) = expb.^„(^.) Uk{z), \uk{z)\b* < inj gv,b*; h{z) = n^.^_^^^^^fc(z) 
if z£Ah^s,k- Pick points zi and Z2, one on each component of the boundary of Ah^s^k- Then 

|a(oo) -C,(4)|,* < 2(e+ -C(g..(^2))|,.) 

< + Wk,h(.Qv,(.^i)) - ^k,^^(.qv,(.^2))\l,,) (5.32) 

< C{e + |6(2i) -6(22)|j,. + \\Ck\\b'-,co{si,uS*^ g)Uk\\b*,coiAh^s,k))- 

Since Ah^s^k is uniformly equivalent to the union of two annuli with the larger radius bounded 
above by 6 and the smaller radius less than half of the larger, by Lemma ?? in and Holder's 
inequality, 

- I , _ _ , 2(p-2) 

- 6(^2)1,. < C\^k{zi) - 6(^2)1,^ < C'6 V ||d6L„Lp(A,,,.fc)- (5.33) 
By Corollary ?? in | [Zl| ] and Proposition |5.11| , 

\\dik\\vk,Lv(Ah,s,k) - \\^k\\vk,p,l + \\dUvk\\vk,p\\^k\\vk,CO < C. (5.34) 
Combining equations ( |5.32D -( p.34 ), we obtain 

2{p-2) 

|a(oo) - C,(4)L. < C{e + 5— + ||GL.,co(5*,,us;,,))- (5.35) 

Since the last term in ( ^.35D tends to zero as k — > oo and e and 5 can be chosen to be arbitrarily 
small, it follows C^(oo) = Ch(^/i)- 
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Proposition 5.13 For any simple bubble type T, there exist C,5£C°°{Ai^^^;M.) such that for all 
vGF^^^Ts ifT is regular and v^F^^^Ts ifT is semiregular, 



m\v,p,i<Cp{b^)\\DM\^, 



VeGr+(t;) and V^Gf+(t;). 



Proof: If not, we can choose a sequence v^^ F^^^Ts, converging to some and vector fields 

^fcGr+(T;fc) (or ^fcef+(t;fc)) such that ||Cfc||i;fe,p,i = 1^ while \\Dy^^^\\^^^^p — > 0. I f Ck^'^+{vk), note 
that {r_(ffc)} C'^-converges to V = r^{b). If e T+{vk), by Definition |3.1l| , a subsequence of 
{r_(ffc)} C'^-converges to a subspace V C L^{b) such that 7rb^_ : V — > r_(6) is an isomorphism. 
In either case, by the first statement of Lemma ^.12 , a subsequence of {Cfc} C-converges to a 
vector field ^* G r_(6). By the second statement of Lemma 5.12[ ^* must be orthogonal V, since 
^fcGr+(ffc) (or S,k ^T+{uk))- Thus, .^* = 0. On the other hand, by Proposition 5.11 , there exists 
e > such that ||'?A;||i;j.,p > e for all k sufficiently large. However, by Lemma 3.12| , ||^a;IL,..co — ^ 0) 
which is a contradiction. 
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